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Explorations on Symmetric Polygons

Ajaykumar

This article examines different methods for making the study of symmetric polygons more
engaging. It emphasizes hands-on activities that encourage observation and generalisation.
Through carefully designed activities, mathematics can transform from an abstract
discipline into a vivid, interactive, tactile experience. The latest edition of the NCERT Class VI
Mathematics textbook (NCERT, 2024) introduces the concept of symmetry with a range
of hands-on activities that can captivate students’ imaginations. A particularly noteworthy
activity on paper folding and cutting (NCERT, 2024, pp.223) involves students predicting
the shapes of cutouts made from folded paper, a process that not only enhances their
understanding of symmetry but also fosters an appreciation for geometric patterns. Building
on the foundation laid by these exercises, this article explores a series of activities that may
supplement the textbook and improve the classroom experience.

Polygons are defined as simple closed figures called edges and the points at which the edges
formed by straight line segments (that do not meet are called vertices.

meet at 180 degrees). We typically name the
polygon based on the number of sides it has.
A polygon with three sides is called a 3-gon or

In the following, we discuss how different cuts
in folded paper can lead to polygonal shapes.

. . . Students can gain a deeper insight into the
a triangle, and one with four sides is called a & p &

4-gon or a quadrilateral. In general, a polygon relationship between symmetry and polygons

. L by experimenting with various sequences of
with n edges and n vertices is called an n-gon. Yy xp & 9

The line segments or sides of a polygon are cuts and observing the resulting shapes.
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Let us understand a ‘cut’, a ‘sequence of cuts’

and a ‘cutout’, for the purpose of this article, as
follows. A ‘cut’ is a single stroke of cutting the
paper along a straight line (as shown in Figure 2).
A second cut in a ‘sequence of two cuts’ would
begin from the endpoint of the first cut, along

a straight line that does not align with the first
cut. That is, there is some angle (other than 180
degrees) between the two cuts at the common
point they share. Figure 3 below shows a sequence
of 3 cuts. By a ‘cutout’, we mean the piece of
folded paper that comes out on completing a
sequence of cuts that start at a point along the
fold line and end at another point along the fold
line. We call this a multiple cut. The picture on
the right of Figure 3 shows the cutout obtained
using the sequence of 3 cuts (as shown in the
adjacent figure there).

Some General Observations

1. To obtain a polygon as a cutout, one has to
start at a point on the fold line, make cuts
along straight lines (as the cutout should
be made of only line segments), and end at
another point on the fold line. This constraint
ensures that the cutout will be a simple,
closed polygonal shape.

2. As illustrated in Figure 2, a single cut will not
produce a polygon due to the need for more
vertices and edges that mirror themselves
along the fold line. Instead, multiple cuts (as
described above) are necessary.

0,
Figure 2

3. If a point on the fold line is on a cut that is
not at right angles (90 degrees) to the fold,
then the point is a vertex of the polygonal
cutout (see Figure 3).
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4. If a point on the fold line is on a cut that is at
right angles to the fold, then the point is not a
vertex of the polygonal cutout (see Figure 4).
Furthermore, such a point will be the midpoint
of an edge of the polygonal cutout.
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Figure 4

5. Any two cuts meeting at a point (this point
cannot lie on the fold line) results in two
vertices of the polygonal cutout (See Figure 5).

Exploration 1: Creating Symmetric
Triangles (3-gons)

Let us begin by investigating how to create a
triangle that is symmetric along the line of the

fold.

Question: What are the possible ways to make
the cuts to obtain a symmetric triangular
cutout from a folded paper?

Let us fold a piece of paper in half as shown in
the figures above. Observe that we cannot use
three (or more) cuts as they result in two (or more)
distinct points formed by two cuts meeting and
hence by Observation 5, the cut-out will have
four vertices as a result. So, to obtain a triangle we
should have exactly two cuts.



If neither of the two cuts are at right angles to
the fold line, then by Observation 3, the two
points on the fold line result in two vertices of
the polygonal cut-out. The point where these two
cuts meet, by Observation 5, results in two more
vertices of the polygonal cut-out. Thus, in such a
case the polygon has four sides and hence cannot
produce a triangle.

So, the only way we can strategically make two
cuts to obtain a triangle is by having exactly one
of these cuts at right angles to the fold line. The
below figures demonstrate the kind of strategic
cuts leading to a triangle. Clearly, the fold line is
a line of symmetry for the triangle obtained.

Figure 6a

Moreover, observe that on folding these
triangular cutouts along this line of symmetry,
the edges on either side of it coincide, meaning
these two edges are of the same length. So,

we can conclude that if a triangle has a line of
symmetry then the two edges on either side

of the line are of equal length. Such a triangle
is called an isosceles triangle. Furthermore, we
see that the two vertices on either side coincide
indicating that the edge joining them is bisected
by the fold line.

Figure 6b

Further exploration: How do we obtain a triangle
with all three sides equal (called an equilateral
triangle) by strategically making two cuts?

Exploration 2: Creating Symmetric
Quadrilaterals (4-gons)

Next, we turn our attention to creating a 4-sided
polygon, quadrilateral, that is symmetric along

the fold.

Question: What are the possible ways to make
the cuts to obtain a symmetric quadrilateral
cutout from a folded paper?

First, let us fold a piece of paper in half. Observe
that we cannot use four (or more) cuts as they
result in three (or more) points where two cuts
meet and hence by Observation 5, the cut-out
will have six (or more) vertices as a result. So, to
obtain a quadrilateral we should have either two
cuts or three cuts.

Case 1 - With two cuts: First, let us use just

two cuts to obtain a quadrilateral cut-out. As
described in Observation 3, when we make two
cuts neither of which is at right angles to the fold
line, we obtain a quadrilateral.

Figure 7

In the quadrilateral ABCD (see Figure 7),
observe that the fold line is a line of symmetry.
Clearly, B and D are vertices of the quadrilateral
that are symmetric to each other about the

fold line, while A and C are vertices that lie on
the line of symmetry. Let us connect B and D
through a line segment, and let it cut the line of
symmetry at O as shown in Figure 8.
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Figure 8

Observe that when we fold ABCD along the line
of symmetry, OB and OD coincide. Also, the
angles AOB & AOD, and COB & COD coincide
with each other respectively. Thus, OB and OD
are of the same length. Furthermore, each of the
angles AOB, AOD, COB & COD is a right angle.

Hence, we can conclude that in such a
symmetrical quadrilateral obtained using
exactly two cuts, two vertices lie on the line of
symmetry and the diagonal joining them is the
perpendicular bisector of the other diagonal.
There are two kinds of quadrilaterals with this
property: Kite and Dart. (Note that there could
be a special case when a Rhombus is obtained.)

Figure 9

The one in Figure 7 and Figure 8 is called a Kire,
and the one in Figure 9 is called a Darz. The
difference between the two is that in the case of
the former, lies completely inside the quadrilateral
while the diagonal BD in the case of the latter,
the diagonal BD lies outside the quadrilateral.
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Case 2 - With three cuts: If none of the three
cuts is at right angles to the fold line, then by
Observation 3, the two points on the fold line
result in two vertices of the polygonal cut-out.
The two points where two pairs of these cuts
meet, by Observation 5, result in four more
vertices of the polygonal cut-out. Thus, in such a
case the polygon has six sides and hence cannot
be a quadrilateral.

Also, we see that if exactly one of the three

cuts is at right angles to the fold line, then by
Observation 4, the point on such a cut will not
form a vertex of the polygonal cutout. However,
the other point on the fold line that is on one
of the other two cuts, forms a vertex. Also, the
two points where two pairs of these cuts meet,
by Observation 5, result in four more vertices of
the polygonal cut-out. Thus, in such a case the
polygon has five sides and therefore cannot be a
quadrilateral.

Hence, the only way we can use three cuts to
obtain a quadrilateral is by making two of the
cuts that are at right angles to the fold line. In
that case, the two points where two pairs of
these cuts meet, by Observation 5, result in four
vertices of the polygonal cut-out, and there are
no other vertices. The figures below (Figure 10)
show a couple of such scenarios.
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Figure 10

In the quadrilateral PQRS (Figure 10), the fold
line is a line of symmetry. Clearly, P and S, and
Q and R are pairs of vertices of this quadrilateral
that are correspondingly symmetric about the
fold line. Furthermore, PS and QR are parallel to
each other as they are both perpendicular to the
line of symmetry. Also, on folding PQRS along
the line of symmetry we observe that PQ and RS
coincide meaning they are of the same length.
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Hence, we can conclude that in a symmetrical while the other pair of opposite sides have the
quadrilateral obtained using exactly three cuts, same length. We call a quadrilateral with such a
no vertex lies on the line of symmetry, and property an Isosceles Trapezium.

there is a pair of opposite sides that are parallel

Further Exploration: Under what conditions, can we guarantee that the symmetric quadrilaterals obtained
through the above processes have at least one more line of symmetry?

Generalising our observations: What are the possible ways to make the cuts to obtain a symmetric n-gonal
cutout from a folded paper?

References

1. National Council of Educational Research and Training (NCERT). (2024). Ganit Prakash, Class 6 (1st ed.). NCERT.
https://ncert.nic.in/textbook.php?fegpl=0-10

AJAYKUMAR K teaches mathematics at Azim Premji University, Bengaluru. In addition to his interests in
mathematics and mathematics teacher education, he is also passionate about screenwriting and filmmaking. He
can be contacted at ajaykumar.k@apu.edu.in

Here is reader TEJASH PATEL's solution to the problem on page 40
of the March 2024 issue, available at https://publications.azimprem-
jiuniversity.edu.in/5562/1/07_Division%20with%20Multi-Digit-
Divisors.pdf

Yes, Arjun can find the radius of each of the gulab jamuns and he
can also find the radius of the bowl.

bowl. We are given that the radius of the straw is 1 unit. As shown
in the figure, AABC is equilateral, let O be the centre of AABC.

Do , V3 L
‘ NowOB=1+r= =>r= =2v/3+3
cos30° 2-3
NowR=2r+1=2(2V3+3)+1=4V3+7.

- The radius r of the gulab jamun is 2v/3+3 and the radius R of the
bowl is 4v/3 + 7.

| Let r be the radius of the gulab jamun and R be the radius of the

Tejash is a teacher at Chanasma Primary School No.2, Gujarat. He has proposed a second solution using Descartes’ Circle Theorem
available at https://en.wikipedia.org/wiki/Descartes%27_theorem#:~:text=In%20geometry%2C%20Descartes %20theorem%20
states,satisfy%20a%20certain%20quadratic%20equation. Readers familiar with these ideas can see if the solution can be arrived at
using this theorem.
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