Review of Algebra Tiles

popularly known as flats-longs-units, or FLU, which were

reviewed in the March 2024 issue of At Right Angles [5].
Simply speaking, the ten generalizes to “x” as follows, to form the
three basic algebra tiles (with suggested dimensions: x — 2inch
and 1 — 2cm):

MATH SPACE g lgebra tiles are a generalization of 2D base-10 blocks

* 'The big square, i.e., flat or 100 becomes X
(x x x or 2inch x 2inch)

* 'The rectangle, i.e., long or 10 becomes x
(x x 1 or 2inch x 2cm)

* The small square, i.e., unit or 1 remains the same
(1 x1 or2cm X 2cm)

But there is a crucial difference: algebra tiles come in two
(contrasting) colours to represent positive and negative versions,
i.e., x> and -%, x and -x, 1 and -1 as shown in Figure 1. Most of
the virtual (and online) versions show the positive tiles in different
colours based on size but all negative tiles in the same colour.
Logically, if all negative tiles are in the same colour, then the same
should happen for all positive tiles. Mathigon Polypad allows one
to make the colours uniform (Figure 1). Another option is to
make the tiles double

sided so that one side
represen iti
.ep ese .ts a positive . 2
tile while the other
represents a negative
1]

one. There are several
advantages to double-
sided tiles such as: Figure 1

1. These are easier to make from any box with an exterior
easily distinguishable from its interior.

2. Only one set of tiles need to be made, instead of two
separate sets for positive and negative.
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3. Pedagogically speaking, turning over or flipping a tile changes its sign from positive to negative or
vice versa. So, flipping a tile is equivalent to sign change. This becomes very useful for subtraction.

Since algebra tiles include negative tiles, an understanding of integers is crucial (see [6]), especially:

A. Zero-pairs: 1 and -1, x and -x, x* and -x* which can be brought in and taken out as and when
needed as they do not change the expression.

B. Subtracting a quantity is equivalent to adding its additive inverse, for example, subtracting 13, -7,
5x and -2x° are equivalent to adding -13, 7, -5x and 2x° respectively.

C. Positive x negative and negative x positive are negative.
D. Negative x negative is positive.

With these six tiles in three sizes, we can show any polynomial (i) in one variable, (ii) of degree 2, (iii) with
integer coefficients. Usual algebra tiles do not allow fractional coeflicients. Figure 2 represents several such
polynomials with blue indicating positive tiles and pink indicating negative. Notice that 4 — x* is actually
4 + (-x*) and 5x— 1 is 5x + (-1). This is why we need the negative tiles.

4 —x2 - .
O O
Figure 2

However, the tiles in Mathigon Polypad can be halved to get x/4, %12, 1/8 etc. Only
halving is allowed (horizontally or vertically). So, it is not possible to show x/3, ¥*/5,
1/6 etc. (Figure 3).

Another crucial difference between FLU and algebra tiles is the absence of
exchange. In the case of FLU, it is a universal fact that 10 units make a long,
and 10 longs make a flat. However, in the case of algebra tiles, since the value
of x is not known or can have many possibilities, we do not know how many 1s
are equivalent to an x. Therefore, there is no exchange among the tiles. This is
similar to why the terms in a polynomial do not collapse into one term. So, the
tiles reinforce the notion that polynomials like 3x* — 2x — 5 cannot be simplified
further.

As we represent polynomials using algebra tiles, a few things automatically

become clear:
¢ Why «? is called x-squared and how it is linked to the geometric square.
o The difference between x?, i.e., x X x as one square tile vs 2x, i.e., x + x as two rectangular tiles.

¢ The notion of like terms — one can count tiles of the same size, can even remove zero-pairs but
cannot combine tiles of different sizes to be expressed as a single term.
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Since the relation between x and 1 is unknown, there is no way to compare two polynomials. However, we
can add and subtract any two polynomials as long as they can be represented by the tiles.
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=3x2-4x+5 after removing zero pairs

Figure 4

The rules of addition are similar to that for whole numbers with FLU:
1. Make each polynomial with the tiles.
2. Combine tiles of the same size and discard any zero-pair.
3. 'The remaining tiles represent the sum.
Similarly, the steps for subtraction, i.e., p(x) — g(x) are:
1. Make the polynomials p(x) and g(x).
2. Flip the tiles of g(x) to get -¢(x)
3. Add p(x) and -¢(x), i.e., combine tiles of same size and discard any zero-pair.
4

. The remaining tiles represent p(x) — g(x) = p(x) + [-q(x)]

—-4x+5

-3x-1

=x2+x—6 after removing zero pairs

Figure 5

It is possible to execute a subtraction p(x) — g(x) in a different way, that is closer to the whole number
process:

1. Make the polynomial p(x)
2. Imagine the polynomial g(x)
3. Add zero pair(s) to p(x) as needed so that there is enough to subtract ¢(x) [i.e., remove %%, -4x and 5]

4. Subtract ¢(x) from p(x), i.e., remove tiles as mentioned above, what remains represents p(x) — g(x)
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after adding required zero pairs and removing g(x

(26-3x—1)— (¥ —4x+5)=x+x—-6
Figure 6

Figure 4 shows the sum of two polynomials and Figure 5-6 illustrate the difference of two polynomials.

However, this can be quite cumbersome since it may need zero pairs of more than one type (1 and -1,
x and -x, ¥* and -x%). Moreover, given B, i.e., subtracting a term is equivalent to adding its additive
inverse, every subtraction can be considered as an addition. Therefore, flipping g(x) is a simpler option
for polynomial subtraction.

Step 1 Step 2 Step 3

I B B I I
(x+4)(2x-1) Siq e
after
__________________________ eliminating
zero pair (x, -x)

The set up

The product
Figure 7

Multiplication-division are similarly restricted to polynomials of a maximum degree of 2. The product of
two linear polynomials using algebra tiles is very similar to the product of two 2-digit numbers. Note the
four regions of big and small squares and horizontal and vertical rectangles in Step 2: The product of Figure 7.
The steps for multiplication are:

1. Arrange one factor polynomial along the left border and the other on the top border.
2. Fill the array, matching each dimension of each tile with the borders.
3. Remove any zero-pairs [Where can the zero-pairs occur in a product? Check Figure 8].

Figure 8 represents all possible combinations in terms of signs keeping the leading terms positive. Note the cases
where zero-pairs occur. Consider the similarities and differences among these four cases. This understanding
is crucial for middle term factorization. And yes, algebra tiles do a fantastic job of exploring that!

I S R e I N Nl e

H I S e N H I N e

{x+1)(2x+3)=2x*+5x+3 (x+1)(2x-3)=2x2-x-3

[ §y  yyi I N . e

S s e m __Ill

(x—1)(2x+3)=2x*+x-3 (x—1)(2x—3)=2x2-5x+3
Figure 8
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Division of a degree 2 polynomial by a degree 1 polynomial with algebra tiles (Figure 9) is also very similar
to dividing a 3-digit number with a 2-digit number with FLU. See [5].

Step 1: Place the & tiles to get the partial quotient 2x and complete the step by bringing in three zero
pairs (x and -x), 3x — 3 remains (Figure 10)

Step 2: Place the x tiles to get the remaining partial quotient 3 and complete the step with nine zero pairs
(1 and -1), 9 is the remainder and 2x + 3 is the quotient (Figure 11)

Note how the dividend is in two parts at the end — the array and the remainder, i.e.,
—-5x-3 x—4

Figure 9

Step1 2x
[ |
O x—4|2x*—5x-3
[ ] “2x2-8x
3x—-3
I A

I - 3 zero pairs (x, -x)
[ ] brought in

Figure 10

dividend = array + remainder = divisor x quotient + remainder just as FLU do (Figure 11)

uotient 2x +3
R L ——— Step 2 4

X—4I2X2 -5x—3
-2x% F 8x
3x — 3
-3x + 12

IS BN EEE  remainder 9
™
—_{III EEE)

divisor

I N NN EED

9 zero pairs (1, -1) brought in

Figure 11
In addition, the algebra tiles can be used to represent all the quadratic identities:
e (a+ b)* and related
© (-0
e (a+b)a-10b)
o (a+b)?+(a-b)?
o (a+ b’ —(a—b?*

So, as far as polynomials are concerned, algebra tiles help significantly. However, physical (or virtual)
tiles have fixed dimensions. So, these are not great for equations. It may be possible to explore linear and
quadratic equations in one variable with algebra tiles. We are yet to explore that in depth.

and related
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Some versions include one more
variable yand tiles of three moressizes,
viz., y*, xy and y (Figure 12). This

allows polynomials in two variables,

but the remaining restrictions of
degree and coefhicients remain. We
are yet to explore if these extended
algebra tiles, especially, y along with

xand 1, can provide some pedagogic

advantage for say simultaneous
linear equations in two variables.

Figure 12

It is possible to address polynomials
of degree 3 with cuboids. But it will be quite cumbersome and would definitely need two sets of cuboids —
positive and negative — since the “flipping” advantage is lost with the 3rd dimension. Moreover, the cuboids
may not provide additional pedagogic benefits to counter the effort.

Last but not the least, it is perfectly ok to introduce the tiles to students with no exposure to FLU. The
tiles are a generalization of FLU and the transition from FLU to algebra tiles can help one see how whole
numbers are simply ‘polynomials in ten’ with the digits as coeflicients. But FLU is not a prerequisite for
algebra tiles. However, coloured counters for integers are a prerequisite for the tiles (see [6]).
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Hipping the Question Around!
If we consider different types of quadrilaterals — square, rectangle, rhombus, parallelogram, kite,
trapezium, isosceles trapezium, dart (or concave kite) etc., we can easily state the kind of symmetry

each type has. For example, rhombus and rectangle, each have a line of symmetry and rotational
symmetry of order 2.

But what happens when we flip the question:
A. If a quadrilateral has line symmetry, what kind of quadrilateral is it?
B. If a quadrilateral has rotational symmetry, what kind is it?

Flipping a question provides scope for mathematical exploration, giving students opportunities
to develop observation, documentation and analytical skills while honing their conceptual

understanding. We invite responses from readers - send them to AtRightAngles.editor@apu.edu.in
And we promise our take in the November issue!
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