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Irrational Nine-Point 
Centre is Impossible 
for a Triangle with 
Rational Vertices
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SIDDHARTHA SANKAR 
CHATTOPADHYAY In this short note, we prove that an irrational point in the 

Euclidean plane cannot be realized as the nine-point centre 
of a triangle all of whose vertices are rational points.

In the Iranian Mathematics competition at The University of 
Isfahan in March 1978, the following problem was given.

Problem 1. [1, 1.6.1] In the xy-plane a point is called ‘rational’ 
if both of its coordinates are rational.

Prove that if the centre of a given circle in the plane is not 
rational, then there are at most two rational points on the circle.

For the sake of convenience, we call a point ‘irrational’ if it 
is not rational as per the definition in Problem 1. The idea to 
solve Problem 1 is to assume, for the sake of contradiction, 
that there are three rational points on a circle whose centre is 
irrational and then arrive at a contradiction. Therefore, we can 
reformulate the above problem and assert that the circumcentre 
of a triangle is rational if the vertices of the triangle are all 
rational. In this article, we prove an analogous result for the 
centre of the nine-point circle, often referred to as the ‘nine-
point centre’, for a triangle with rational vertices. The precise 
statement is as follows.

Pr
o

b
le

m
 C

o
rn

er



60 Azim Premji University At Right Angles, November 2023

Theorem 1. Let P be an irrational point in the 
Euclidean plane. Then there does not exist any 
triangle ABC with all of A, B and C being rational 
points, such that P is the nine-point centre of △ABC.

Before we proceed to prove Theorem 1, we recall 
that the nine-point circle of △ABC is the circle 
passing through the midpoints of the sides, the 
feet of perpendiculars drawn from the vertices 
to their respective opposite sides, the midpoints 
of the line segments joining the vertices to 
the orthocentre. Also, the nine-point centre is 
the midpoint of the line segment joining the 
circumcentre and the orthocentre of △ABC.

Proof of Theorem 1. Let △ABC be a triangle in 
the Euclidean plane such that A, B and C are all 
rational. Let the co-ordinates of A, B and C be (x1, 
y1), (x2, y2) and (x3, y3), respectively, where x1, x2, 
x3, y1, y2 and y3 are rational numbers.

We call a straight line Ux + Vy = W ‘rational’ if U, 
V and W are rational numbers. Since B and C are 

rational points, the straight line joining these two 
points is rational. Also, the midpoint D of the 
line segment BC is a rational point because the 
co-ordinates are x2 + x3

2
y2 + y3

2
,( (. Therefore, the 

perpendicular bisector of BC is a rational straight 
line. Similarly, the perpendicular bisector of AC 
is rational and thus the point of intersection of 
these two straight lines, i.e., the circumcentre of 
△ABC, is a rational point.

Using the fact that BC is a rational straight line 
and A is a rational point, by a similar argument 
as above, we conclude that the straight line 
passing through A and perpendicular to BC is 
rational. Such is the case for the other two feet 
of perpendiculars drawn from the vertices B and 
C. Consequently, their point of intersection is a 
rational point. In other words, the orthocentre 
of △ABC is also a rational point. Therefore, the 
nine-point centre, which is the midpoint of the 
straight line segment joining the orthocentre and 
the circumcentre, is a rational point.             □
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