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On a Link between 
Three Trigonometric 
Identities for a Triangle

For a ∆ABC we have the following three important and
powerful trigonometric identities:

I1.
sinA
a

=
sinB
b

=
sinC
c

I2. c = a cosB+ b cosA, and similar identities for
a and b.

I3. cosC =
a2 + b2 − c2

2ab
, and similar identities for

cosA and cosB.

In this short note we show that any one of these results can
be used to prove the other two (using only standard
trigonometric manipulations and without the need for
any diagram).

Proof:

Let sinA
a

=
sinB
b

=
sinC
c

=
1
k
, where k represents a

non-zero constant.
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To prove I 1 =⇒ I 2:

We have,
c = k sinC
= k sin (A+ B)
= k [sinA. cosB+ cosA. sinB]
= (k sinA). cosB+ (k sinB) cosA
= a cosB+ b cosA.

To prove I 1 =⇒ I 3:

From sinA
a

=
sinB
b

=
sinC
c

=
1
k
we get:

a2 + b2 − c2

= k2 sin2 A+ k2 sin2 B− k2 sin2 C

= k2
(
sin2 A+ sin2 B− sin2 C

)

= k2
[
sin2 A+ sin (B+ C) sin (B− C)

]

(we justify this step in the Appendix)

= k2[sinA sin (B+ C) + sinA sin (B− C)]

= k2 sinA[sin (B+ C) + sin (B− C)]

= k2 sinA · 2 sinB · cosC
= 2ab cosC,

therefore

cosC =
a2 + b2 − c2

2ab
.

To prove I 2 =⇒ I 3

We have,
a2 + b2 − c2

= a.a+ b.b− c.c
= a (b cosC+ c cosB) + b (a cosC+ c cosA)
− c(a cosB+ b cosA)

= 2ab cosC

⇒ cosC =
a2 + b2 − c2

2ab

To prove I 2 =⇒ I 1

We have,
c = a cosB+ b cosA,
a = b cosC+ c cosB.

Therefore:

c2 − a2

= c · c− a · a
= c (a cosB+ b cosA)− a (b cosC+ c cosB)
= b (c cosA− a cosC)
= (c cosA+ a cosC) · (c cosA− a cosC)

= c2 cos2 A− a2 cos2 C.

Hence:

c2
(
1− cos2 A

)
= a2

(
1− cos2 C

)
,

∴ c2 sin2 A = a2 sin2 C,
∴ c sinA = a sinC.

(Since A,B,C are the angles of a triangle,
sinA, sinB, sinC are positive quantities; no
negative signs are introduced when we take square
roots.) From the last we get

sinA
a

=
sinC
c

.

By symmetry it follows that

sinA
a

=
sinB
b

=
sinC
c

.

To prove I 3 =⇒ I 1

We have,

(2bc sinA)2

= 4b2c2
(
1− cos2 A

)

= 4b2c2
(
1−

(
b2 + c2 − a2

2bc

)2
)

= 4b2c2 − (b2 + c2 − a2)2

= (2bc+ b2 + c2 − a2)(2bc− b2 − c2 + a2)

=
{
(b+ c)2 − a2

}
{a2 − (b− c)2}

= (a+ b+ c) (b+ c− a) (c+ a− b) (a+ b− c) .

Then is symmetrical in a, b, c

Hence by symmetry
2bc sinA = 2ac sinB = 2ab sinC, so

sinA
a

=
sinB
b

=
sinC
c

.
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To prove I 3 =⇒ I 2

We have,

a cosB+ b cosA

= a · c
2 + a2 − b2

2ac
+ b · b

2 + c2 − a2

2bc

=
1
2c

(
c2 + a2 − b2 + b2 + c2 − a2

)

= c.

Appendix

sin2 B− sin2 C
= (sinB+ sinC)(sinB− sinC)

= 2 sin B+ C
2

cos B− C
2

· 2 sin B− C
2

cos B+ C
2

= 2 sin B+ C
2

cos B+ C
2

· 2 sin B− C
2

cos B− C
2

= sin (B+ C) sin (B− C) .

DR. JYOTI NEMA (MCA, Ph.D Mathematics, MPSLET) is Assistant Professor Mathematics in Regional 
Institute of Education NCERT Bhopal (Ex Faculty). She has 20 years of teaching experience in the field of 
Mathematics. She has published 13 research papers (both national and international) and served as resource 
person in many initiatives in the pedagogy of mathematics. She has also worked with Mathematics Software such 
as MATLAB, Mathematica, Geogebra, Robocompass, LOGO,C++, etc.

DR. POONAM AGGARWAL (M.Sc (Mathematics), M.A (Economics and Education), M.Ed., NET-JRF 
in Education and Ph.D in Education) works as Assistant Professor, Regional Institute of Education NCERT 
Bhopal. She has 12 years of teaching experience. She has published 18 research papers in various national  and 
international journals and served as resource person in many activities of Mathematics Education. She provided 
guidance and support services to adolescents at PM e-Vidya Platform. 


