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On a Link between
Three Trigonometric
[dentities for a Triangle

DR. JYOTI NEMA & For a AABC we have the following three important and
DR. POONAM powerful trigonometric identities:
AGGARWAL I sinA _ sinB _ sinC

1-

a b c

L. c=acos B+ bcosA, and similar identities for
a and b.

2+ -2
2ab

cos A and cos B.

L. cos C= , and similar identities for

In this short note we show that any one of these results can
be used to prove the other two (using only standard
trigonometric manipulations and without the need for

any diagram).

Proof:
in A in B inC 1

Lot 224 — e SN —, where £ represents a
a b c k

non-zero constant.
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To prove I, = I:
We have,
¢=ksinC
= ksin (A + B)
= k|[sin A. cos B+ cos A. sin B
= (ksinA). cos B+ (ksin B) cos A
= acos B+ bcosA.

To prove I1 = I:

sinA __ sinB __ sinC 1

From =3 we get:

a b ¢

a4+ b7

= Fsin® A+ £ sin® B — F sin® C

=k (sinzA + sin® B — sin® C)

=k [sin® A+ sin (B+ C)sin (B — C)]
(we justify this step in the Appendix)

= F[sinAsin (B + C) + sin Asin (B — C)]

= k*sin Afsin (B + C) + sin (B — C)]

= FsinA-2sinB-cos C

= 2ab cos C,

therefore
a+ b -7

C=
COS Zab

To prove I, = I3

We have,
&+ =2
=aa+bb—cc

= a(bcos C+ ccos B) + b (acos C+ ccosA)
— c(acos B+ bcosA)

= 2abcos C

L4 -7

= cos C =
COS 2db

To prove I, — I,

We have,
c=acosB+ bcosA,
a = bcos C+ ccos B.
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Therefore:
.

=cc—a-a

= c(acos B+ bcosA) — a(bcos C+ ccos B)
=b(ccosA— acos C)

= (ccosA+ acosC) - (ccos A — acos C)

& (1 — coszA) =a (1 — cos® C) ,
o sin? A = &4 sin? C,
c.esind = asin C.
(Since A, B, C are the angles of a triangle,
sin A, sin B, sin C are positive quantities; no

negative signs are introduced when we take square
roots.) From the last we get

sin4A sinC

a 4

By symmetry it follows that

sinA _ sinB _ sinC
a b c
To prove I3 —> I,
We have,
(2besin A)?
= 4b°F (1 — coszA)

:45%2<1_.(ﬁ—%3——f>2)
2bc

= 4P — (0 + F — &)

= (2bc+ b0* + & — &) (2bc — b* — F + &)
—{+’ -2} 2= (6- o)
=(a+b+0)(b+c—a)(cta—0b)(atb—c).
Then is symmetrical in 4, b, ¢

Hence by symmetry
2bcsin A = 2acsin B = 2absin C, so

sin 4 sinB  sinC

a b ¢



To prove I3 = I, Appendix

We have, sin”> B — sin”> C
wcos B+ beos A = (sin B+ sin C)(sin B — sin )
— 9 B+ C B—-C 7 s B—C B+ C
_ “2+ﬂz_bz+b.bz+‘2_ﬂz =2 sin —— cos —— - 2 sin —— cos ——
2ac 2bc 5 .. B+C B+C . B—C B-C
1 = 2 sin cos -2 sin cos 5
L N p) -
A SR A G A — sin (B+ C)sin (B— C).
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