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The power mean inequality states the following:
For positive quantities ay, ay, - - -, a, andp > 1,

ﬂ1P+tZZP+"'+an > (ﬂ1+d2+"'+dn)‘o
” - .

n

For 0 < p < 1, inequality reverses.

Proof

We know that for p > 1, f(x) = ” is convex; the graph has
the following appearance (Figure 1):

f)

f(a) + f(b)
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Figure 1

From Figure 1 we have

OB > OA,
f@) +f8) _ pfa+b
= ROR0 > p(57).
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Here f(a) = a?, f(b) = b” andf(d—;b) = (ﬂ—;b)]). Hence

al + b’ > <a+b>1"
2 = 2

. . . . b+ 0b
This is the power mean inequality for two variables. Now let 2 = # and b = % Then

<41+ﬂz)p+<bl+bz>P al+az+b1+bz 4
2 2 > 2 2

2 - 2

p v
Using the power mean inequality for (#) and <¥) we get:

ol + a? n b? + by’ (ﬂl +42>p+ (bl +52>P
>

2 2 2 2
2 - 2
So,
al +al b+ b amta  bi+b\?
+ +
2 2 S 2 2 ’
2 - 2

= 41P+42P44-51P+52p > (ﬂ1+ﬂz‘£bl+b2)P.

This is power mean inequality for four variables. Similarly for # quantities we have:

dlp+d2p+"'+dnpz<ﬂ1+42+"'+dn>p;])21‘
n n
Lo . . b b
For 0 < p < 1 the same function i.e., f(x) = »” is concave function, s0 12 erf( ) §f<ﬂJ2r )and
Phaf 4 taf ’
et b el (e ta
n n

Problem 1. Find the maximum and minimum values of the function sin x -+ cos x.
Solution

The power mean inequality states that for real positive quantities 2, 6 and p > 1,

al 4 b <a+[a>1"
2 —\ 2

Letting 2 = sinx and & = cosx and p = 2, we get

.2 2 . 2 : 2
sin® x + cos” x > (smx—l— cosx) N l > <51nx—|— cosx)

2 - 2 2 = 2
sinx + cosx > —\/5

= 2 > (sinx + cosx 2=
( ) sinx + cosx < \/5

. 1/2 is the maximum value of sin x + cos x and —+/2 is the minimum value of sin x + cos x.
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The above problem is given as an exercise in a chapter of class 12 entitled as “Application of
Derivatives” [1].

Problem 2. For 2, » > 1, find the maximum value of v/sin ax + v/cos ax.
(Note: This is meant to be done without using calculus.)
Solution

The power mean inequality states for real quantities #, v and p > 1,

ul/P+vl/P<<u—|—v)1/p
2 -\ 2 '

Letting # = sin® ax, v = cos® ax and p = 2# gives

2 - 2
1

hence: V/sin ax + v/cos ax < 2 (%) 2n — pl=1/2n

(sin2 ax) 1/2m + (c052 ax) 1/2n < (sin2 ax + cos’ ax) 1/2n
b

Hence the maximum value of the function is 21~1/27,

The next problem was proposed by Jose L.D-Barrero [2]

Problem 3. Let , b, ¢, d be four positive real numbers. Find the minimum value of

Va+Vb+ e+ Vd
Vatbtetd
Solution
From the power mean inequality:
1
Vat Vot erVd _ <a+b+c+d)g
4 - 4 ’

1
4 4 4 4 —
:>\/5:rx/2+\/c+x/2§4<1)4:2\/5
Va+b+c+d 4
<72z+x4/2+%+x‘72{i
Va+b+c+d

Thus, the maximum value of
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s 24/2 which is attained when 2 = b = ¢ = d.
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