Geometric and Calculus
Proots of Some Inequalities

SARMAD HOSSAIN Introduction

There are many visual and calculus-based proofs of 7° < ¢"
and & < a’(for ¢ < a < b). The aim of this paper is to give
geometric and calculus-based proofs of these inequalities. We
show in addition that #* > #* for 0 < 2 < b < e¢and

@ <1<bfor0<a<l<b.

To show m¢ < ¢, Nelson ([2]) uses the fact that the curve
y = ¢/ lies above the line y = x, while Nakhli ([1]) uses the

Inx . .
fact that the curve y = — attains the global maximum at
X

the point e.

. 1
Proofs using the curve y = —
X

Here we use the curve y = L and the fact that the shaded
X
region in Figure 1 lies within the rectangle bounded by the

lines x = —, x = —, the x-axis and the line y = 7.
T e
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Figure 1. Geometric visualisation of 7° < "

Keywords: Proofs, graphs, calculus, inequalities.

Azim Premji University At Right Angles, November 2023

S
]
<
S
o
(Y
S
o
)
o
S
o




. 1 1
From Figure 1, as ¢ < m = — < —, we have
™ e

1
() - (3) = [ie<n (i),
™

= Ine+hhr< "l shr-1<X 1=hr<l=r<,
e e e

y=1/z

P(1/b,b)

1/b 1l/e

Figure 2. Geometric visualization of ° < e fore< b
. 1 1

From Figure 2, as ¢ < b= 7 < —, we have
e

(1) (5) = [ e

1 1.1
/6% e b

= Clnedlnb< = s mp—1<?

1o mb< oy
(4 e

e

y=1/x

RO/bb) S

1/b 1/a

Figure 3. Geometric visualization of 6* < dfore<a<b
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From Figure 3, as ¢ < 2 < b:>Z < — < —, we have
a e

In(1/a) In(1/6) _ [/ 1 11
Ina lna /1/b <xlna> de < é(Z b)’

—lna Inb b—a Inb b
— = ——1<-—-1
Ina Ina a Ina a
l
:>n—b <é:>alnb<blna:>b“<a[’
Ina a

Proof using calculus

Consider the function f(x) = <l>x Taking natural logarithms on both sides we get,
X

Inf(x) = xln (i) = —x-Inx

];/(E:;) =—Ilnx—1=—(1+Inx)

= f'(x) = —f(x) (1 + Inx).

Now,iflnx+1<0:>lnx<—1:>x<e_1:>x<%.

=

Similarly, if Inx+1 > 0 = x > landlnx—l— 1 =0=x=1.
e e

Therefore, x € (0, l} = f'(x) > 0 = f{(x) is strictly increasing in (O, %)
e

Similarly, x € [17 oo) = f'(x) < 0 = f(x) is strictly decreasing in (%, oo) .
4

1/6 1/a
Lo (o
b~ a " e 1/b 1/a
(since f(x) is strictly increasing in (O, l))

= b/l < = < g

Casel.e<a< b

Now, e < a < b=

Case2. 0<a< b<e
1 1 1 1 176 1 1/a
< < = — JR—
Now,0<a<b_e:>e_b<d<oo:>(1/b> ><1/4)

<since f(x) is strictly decreasing in <l, oo))

e
= 6Vl > g = b > 4
Case3.0<a<1<5éb

1 1 1 1 1 1
Now,0<a§1<b:>2<1§;<<>o:>ln<z> <ln1§ln<;>:>ln(z) <O<ln<7)
= —Inb<0and0< —lne=1Inb>0and0 >1Ina
= alnb>0,and 0 > blna

S >landd <1=a0<1< .
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Remark 1. 7° < ¢

As e < m, by Case 1, we have 7° < ¢".
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