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HFD = 5
VFU = 6
VFD = 7 and above;

•  Third Card: 
HFU = 7
HFD = 8
VFU = 9
VFD = 10 and above;

•  Fourth Card:
HFU = 10
HFD = Jack
VFU = Queen
VFD = King

Whenever a card is determined, all cards received 
after that are irrelevant. 

However, none of these were what Vinay Sir had 
in mind. His solution was different, he said, and 
the session ended with a tantalizing hint that his 
solution was related to Permutations. 

After the class, I sent the following solution to 
him and Vinay Sir confirmed that this was what 
he had in mind. 

The first card shows the suit of the unknown 
card. Also, if the first card is face up, the number 
is one of the first 6 and if it is face down, it is 
among the last 6. From the remaining three 
cards, let the highest be a, the second be b, 
and the last be c, where ace is the smallest and 
king is the highest. If two cards have the same 
number, the order of suits from lowest to 
greatest is Hearts, Clubs, Diamonds, and Spades. 
The three cards may be arranged in 6 distinct 
orders viz. abc, acb, bac, bca, cab, and cba. Each 
order indicates the 1st, 2nd, 3rd, 4th, 5th, and 6th 
numbers respectively. 

So, we arrived at 4 distinct solutions for how 
the magician could have guessed the unknown 
card based on the way the assistant arranged the 
remaining cards. 

On further thinking, I realized that it is possible 
to do the same trick by picking four cards instead 
of five where only three cards indicate the fourth 
(unknown) card. 

The first card indicates the suit. However, since 
there are only four cards, all four may possibly be 
of different suits. Therefore, the color of the first 
card is the same as that of the unknown card. If the 
first card is face up, it is of the same suit. If it is face 
down, it is of the other suit (of the same color).

The second card and third card indicate the 
number on the unknown card. 

Each card can be placed in 4 ways — Horizontal 
Face Up (HFU), Horizontal Face Down (HFD), 
Vertical Face Up (VFU) and Vertical Face Down 
(VFD).

The second card indicates the number on the 
card mod 4. Let HFU, HFD, VFU and VFD 
stand for 0, 1, 2, and 3 respectively. For the third 
card, let HFU, HFD, VFU and VFD stand for 
x, x + 4, x + 8 and x + 12 respectively, where x 
is the value derived by the second card. Thus, if 
the second card indicates 2 and the third card 
indicates x + 4, the number on the unknown 
card is 6. The suit is decided by the first card.

We have therefore established that one does not 
require 4 cards to guess the unknown card. It can 
be done with 3. 
Can it be done with 2 cards?
I don’t know… yet. 
I’m working on it. If you get it before me, let 
me know!

SHREYA MUNDHADA is a homeschooled 13-year-old born in Mumbai, raised in a rural area in central India 
and currently living in Bangalore. She is passionate about mathematics and physics. She considers it a perfect start 
to the day to be woken up by her pet dog Cookie. She can be reached at shreyamundhada1@gmail.com.
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The problem
Arrange numbers from 1 to 9 in the circles (Figure 1) such
that the sum of numbers on each side is the same, without
repeating any of the numbers (so each number appears
exactly once). Such a configuration is called a perimeter
magic triangle of order 4 (or simply a magic triangle; we
leave out the word ‘perimeter’). The number of circles on
each side determines the ‘order’ of the magic triangle. Is such
a configuration possible? If so, how many solutions exist?

Figure 1. Perimeter magic triangle of order 4

Generalised problem
Construct magic triangles of orders 5, 6, and 7, using the
numbers from 1 to 12, 1 to 15, and 1 to 18 (respectively), by
increasing the number of circles by 1 on each side in Figure
1. How many solutions are there?

If the number of circles on each side is 4 (as in Figure 1),
then the numbers to be used will be from 1 to
3 (4 − 1) = 9. If the number of circles on each side is n,
then the numbers to be used will be from 1 to 3(n− 1).
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In this article, I study the problem of counting the number of perimeter magic triangles of order n. The
numbers used are the following: 1, 2, 3, . . . , 3(n− 1). The condition is that the sums of the numbers on
the three sides must be equal. It should be clear that manually counting the triangles is very tedious; we
require a systematic approach.

Important terms and notation
Below are the definitions of terms that are going to be used to solve the problem.

• Order: The number of circles on each side of the Magic Triangle.

• Magic Sum (S): The sum of the numbers on every side of the triangle is the Magic Sum of the
triangle, denoted by S.

• Partitions: A partition of n is an expression of n written as a sum of positive integers. The order in
which the integers occur is not important; the sum is an unordered sum. For example, 4 + 2 + 1
and 3+2 + 2 are partitions of 7. We are particularly interested in partitions where the summands
are distinct (i.e., numbers are not repeated). The partitions are then referred to as distinct partitions.

• Middle Numbers: All the numbers excluding those at the vertices: p, q, r, s, t, u.
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Figure 2

• Middle Sum: The sums of all the middle numbers on each side: p+ q, r+ s, t+ u.

A method to solve the problem for order 4
Approach 1: (To find the middle numbers in Figure 2)

• Step 1: For the magic sum S and vertices (V1,V2,V3), where V1 < V2 < V3, the middle sums are
S1 = S− (V1 + V2), S2 = S− (V2 + V3) and S3 = S− (V1 + V3).

• Step 2: We need to find the number of ways of partitioning (S1, S2, S3) using distinct middle
numbers.

Let the partitions be S1 = M1 +M2, S2 = M3 +M4, and S3 = M5 +M6, where the middle
numbers and vertex numbers are distinct.

• Step 3: Enter each number into the Magic Triangle (Figure 2).

Approach 2: (Finding the bounds on the magic sum)

Step 1: To find the smallest magic sum, the three smallest numbers, i.e., 1, 2 and 3 must be at the vertices.
In finding the sum of all the numbers on all the sides, each vertex would be counted twice.
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The sum of the numbers on all the sides would be (the sum of the vertices + the sum of all the numbers).

Therefore, the magic sum on each side would be the sum of the vertices + the sum of all the numbers
3

.

Step 2:

Smallest Magic Sum =
(sum of the three smallest numbers + the sum of all the numbers)

3

=
(1+ 2+ 3+ 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9)

3
= 17.

Step 3:

Largest Magic Sum =
(sum of the three largest numbers + the sum of all the numbers)

3

=
(7+ 8+ 9+ 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9)

3
= 23.

So, for magic triangle of order 4, the magic sum S must satisfy the condition 17 ≤ S ≤ 23.

Similarly, for a Magic Triangle of Order N, the range of the sums on each side is:

1
3

(
6 +

(3n− 3) (3n− 2)
2

)
to

1
3

(
9n− 12 +

(3n− 3) (3n− 2)
2

)
,

i.e., 2 +
(n− 1) (3n− 2)

2
to 3n− 4 +

(n− 1) (3n− 2)
2

.

Now that we have found bounds on the magic sum, we can count the number of magic triangles for each
magic sum.

An example of Approach 1
We try to form a Magic Triangle with vertex numbers (1, 2, 3) and magic sum 17.

Step #1: The Middle Sums are 17 − (1 + 2) = 14; 17 − (2 + 3) = 12; and 17 − (1 + 3) = 13.

Step #2: We must find distinct partitions of (12, 13, 14) using the numbers (4, 5, 6, 7, 8, 9).

Partitions of 12 Partitions of 13 Partitions of 14

8 + 4 9 + 4 9 + 5

7 + 5 8 + 5 8 + 6

− 7 + 6 −

Total: 2 Total: 3 Total: 2

Step #3: We form pairs, such that the digits do not repeat as repetition is not allowed.

Pairs in Set 1: (8 + 4) , (7 + 6) , (9 + 5) | Pairs in Set 2: (7 + 5) , (9 + 4) , (6 + 8) .

The resulting magic triangles are shown in Figures 3 and 4.
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• Middle Sum: The sums of all the middle numbers on each side: p+ q, r+ s, t+ u.

A method to solve the problem for order 4
Approach 1: (To find the middle numbers in Figure 2)

• Step 1: For the magic sum S and vertices (V1,V2,V3), where V1 < V2 < V3, the middle sums are
S1 = S− (V1 + V2), S2 = S− (V2 + V3) and S3 = S− (V1 + V3).

• Step 2: We need to find the number of ways of partitioning (S1, S2, S3) using distinct middle
numbers.

Let the partitions be S1 = M1 +M2, S2 = M3 +M4, and S3 = M5 +M6, where the middle
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Figure 3. Magic triangle 1 Figure 4. Magic triangle 2

Complement
The lowest number that one can use is 1, while the highest number is 9. Note that 1 + 9 = 10.

Thus, on taking the complement of 10 from each number, i.e., on subtracting each number in the magic
triangle from 10, another magic triangle is formed. In this way, one can generate another magic triangle
from an existing magic triangle.
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Figure 5. Using complements to generate another magic triangle

In Figure 5, x+ p+ q+ y = y+ r+ s+ z = z+ t+ u+ x, so the quantities
(10 − x) + (10 − p) + (10 − q) + (10 − y), (10 − y) + (10 − r) + (10 − s) + (10 − z) and
(10 − z) + (10 − t) + (10 − u) + (10 − x) are all equal.

If the sum of a magic triangle of order 4 is S, then the magic sum of the new magic triangle would be
40 − S.

For a magic triangle of order n, the lowest number is 1 and the highest number is 3(n− 1). Since
3(n− 1) + 1 = 3n− 2, on taking the complement of each number from 3n− 2, another magic triangle is
obtained. So, we obtain the same number of magic triangles with magic sum S and 3n− 2 − S.

The algorithm (for order 4)
Program(In Java) + Output: Generating Magic Triangles - Order 4 (Code + Output)

The first part of the program generates partitions of the middle sum, with a given sum and given vertex
numbers. A loop runs which determines the range of the possible sum and the vertices. This is then stored
in a list. Finally, all the partitions are then retrieved from the list and a triplet is generated such that no
number repeats and the solution is printed.
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A generalised algorithm for order n
For a generalized algorithm of order n, we would have to change the number of loops for generating the
partitions as the partition size depends on n. The partition size would be (n-2). Additionally, we would
have to change the number of variables to retrieve all the values.

Order 5 : Program:- Generating Magic Triangles - Order 5 (Code)

Order 6 : Program:- Generating Magic Triangles - Order 6 (Code)

Order 7 : Program:- Generating Magic Triangles - Order 7(Code)

Reference values for magic triangles

Order 3 4 5 6 7 8 9 10

Number of
Magic Triangles 4 18 700 13,123 316,424 7,317,145 176,476,738 4,279,366,371

A very special magic triangle
See Figures 6 and 7. They show a magic triangle of order 4 and magic sum 20, and another triangle with
the squares of all the numbers in the original triangle. Amazingly, the second triangle is also a magic
triangle (with magic sum 126). This is truly a remarkable occurrence.
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Figure 6. Original magic triangle Figure 7. The squared magic triangle

Similarly, there exist magic triangles with different orders which when squared yield another magic
triangle. There is 1 such triangle for order 4; 4 such triangles for order 7; and 9 such triangles for order 8.
In the case of orders 5 and 6, there are no such triangles.
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