Menelaus’s Theorem
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ANKUSH KUMAR enelaus’ theorem is an extremely important
PARCHA I \ / | result in higher Euclidean geometry. We offer
a proof of the theorem here using the sine rule
from trigonometry.

Menelaus’s Theorem

In AABC a transversal line crosses the side lines CA, AB and
BC at points Q, P and M, respectively. Then we have the

following equality:
BM CQ AP
MC QA PB
Proof
Apply the sine law in AAPQ:
sinfl;  sinf4  sin (180° — 0; — 04)
PQ AP QA ’
. . AP .
sinfs  sin (0 + 04) N sin 4

heref =
therefore —

QA QA sin(0; + 04)
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Again, applying the sine law in AQCM:

sinfl3  sinfy  sin (180° + 03 — 04)

oM~ M cQ ’
sinfs  sin (03 — 64) CQ  sin (65 — 04)
eheretore T cQ "M sin 0

Again, applying the sine law in APBM:

sin (180° + 63 — 64)  sin (6 4 04)  sin0;,

PB BM PM
sin (03 - 04) o sin (01 + 04) BM . sin (01 + 04)
therefore 7B = M = P sin (05— 02)

Multiplying the corresponding sides of the three equalities, we get:

ﬁ C_Q % B sin 64 sin (03 — 04) sin (01 + 04)
QA CM PB  sin(0; + 04) sin 64 sin (05 — 04)’
erlone M CQ_ AP _
erefore -~ QA PB
Corollary
LLAPY (), CMY _ Qi Q4
PB CB QP QC
Proof

For AMBP with AQC as transversal, Menelaus’s Theorem can be written as

Multiplying this with the previous result, we get:

BA PQ MC BM CQ AP

AP QM CB MC QA PB

therefore

BA BM QM QA _ BP+PA BC+CM _ QM Q4

AP ([, ary _au ot
(H_) (”@)_ @ QC

PB CB QP QC PB CB QP QC
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