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In this article we look at four problems and provide
solutions to them. In high school we encounter square
roots but not roots of higher order. Yet these problems

can be solved at that level by observing some patterns and
using logic.

Problems

1. Evaluate
[

6(√
7+ 1

) (
4
√
7+ 1

) (
8
√
7+ 1

) + 1

]16

2. If x = 1+ 5
√
2+ 5

√
4+ 5

√
8+ 5

√
16, find the value of

(
1+

1
x

)30

3. Show that

(a)
1

6 3
√

6
√
3+ 10

+
1

6 3
√

6
√
3− 10

=
1

3
√

10+ 6
√
3+ 3

√
−10+ 6

√
3

(b)
1

2 3
√

6
√
3− 10

− 1

2 3
√

6
√
3+ 10

=
1

3
√

10+ 6
√
3− 3

√
−10+ 6

√
3

4. Calculate

4
√

7− 4
√
3

4
√

7+ 4
√
3
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Solutions

1. We have
[

6(√
7+ 1

) (
4
√
7+ 1

) (
8
√
7+ 1

) + 1

]16

=

[
6 ·

(
8
√
7− 1

)
(√

7+ 1
) (

4
√
7+ 1

) (
8
√
7+ 1

) (
8
√
7− 1

) + 1

]16

=


 6 ·

(
8
√
7− 1

)
(√

7+ 1
) (

4
√
7+ 1

) ( 8
√
72 − 1

) + 1



16

=

[
6 ·

(
8
√
7− 1

)
(√

7+ 1
) (

4
√
7+ 1

) (
4
√
7− 1

) + 1

]16

=


 6 ·

(
8
√
7− 1

)
(√

7+ 1
) ( 4

√
72 − 1

) + 1



16

=

[
6 ·

(
8
√
7− 1

)
(√

7+ 1
) (√

7− 1
) + 1

]16

=

[
6 ·

(
8
√
7− 1

)
6

+ 1

]16

=
[(

8
√
7− 1

)
+ 1

]16

=
(

8
√
7
)16

= 49.

2. We have

x = 1+ 5
√
2+ 5

√
4+ 5

√
8+ 5

√
16

⇒ 5
√
2 · x = 5

√
2+ 5

√
4+ 5

√
8+ 5

√
16+ 5

√
32

=⇒ 5
√
2 · x =

(
5
√
2+ 5

√
4+ 5

√
8+ 5

√
16+ 1

)
+ 1

=⇒ 5
√
2 · x = x+ 1

=⇒ x ·
(

5
√
2− 1

)
= 1

=⇒ 5
√
2− 1 =

1
x
.

Hence
(
1+

1
x

)30

=
(
1+ 5

√
2− 1

)30
= 26 = 64.
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3. (a) We have

3
√

10+ 6
√
3 =

3

√
(1)3 +

(√
3
)3

+ 3
√
3 ·

(
1+

√
3
)
=

3

√(
1+

√
3
)3

=
(
1+

√
3
)
,

3
√

−10+ 6
√
3 =

3

√
(−1)3 +

(√
3
)3

− 3
√
3 ·

(
−1+

√
3
)
=

3

√(
−1+

√
3
)3

=
(
−1+

√
3
)

Then 3
√
10+ 6

√
3+ 3

√
−10+ 6

√
3 = 2

√
3. Now, taking LHS

1

6 3
√

6
√
3+ 10

+
1

6 3
√
6
√
3− 10

=
1
6

[
1√
3+ 1

+
1√
3− 1

]
=

1
6

[(√
3− 1

)
+

(√
3+ 1

)
(√

3
)2 − 1

]

=
1
6

[
2
√
3

2

]
=

√
3
6

,

While RHS
1

3
√

10+ 6
√
3+ 3

√
−10+ 6

√
3

=
1(√

3+ 1
)
+

(√
3− 1

) =
1

2
√
3
=

1
2
√
3
·
√
3√
3
=

√
3
6

.

Hence
1

6 3
√

6
√
3+ 10

+
1

6 3
√
6
√
3− 10

=
1

3
√

10+ 6
√
3+ 3

√
−10+ 6

√
3
.

(b) As in the above problem we have seen
3
√

10+ 6
√
3 =

(
1+

√
3
)
,

3
√

−10+ 6
√
3 =

(
−1+

√
3
)
and

3
√

10+ 6
√
3− 3

√
−10+ 6

√
3 = 2. Then, LHS

1

2 3
√

6
√
3− 10

− 1

2 3
√

6
√
3+ 10

=
1
2

[
1√
3− 1

− 1√
3+ 1

]
=

1
2

[(√
3+ 1

)
−

(√
3− 1

)
(√

3
)2 − 1

]

=
1
2

[
2
2

]
=

1
2

While RHS

1
3
√

10+ 6
√
3− 3

√
−10+ 6

√
3

=
1(√

3+ 1
)
−

(√
3− 1

) =
1
2

Hence proved.
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4. As
(
1+

√
3
)4

=

((
1+

√
3
)2
)2

=

(
(1)2 +

(√
3
)2

+ 2 (1)
(√

3
))2

=
(
4+ 2

√
3
)2

= 4 ·
(
2+

√
3
)2

= 4 ·
(
4+ 3+ 4

√
3
)
= 4 ·

(
7+ 4

√
3
)

then,
(
7+ 4

√
3
)
=

1
4

(
1+

√
3
)4

⇒ 4
√

7+ 4
√
3 =

1√
2
·
(
1+

√
3
)
and

(√
3− 1

)4
=

((√
3− 1

)2
)2

=

(
(1)2 +

(√
3
)2

− 2 (1)
(√

3
))2

=
(
4− 2

√
3
)2

= 4 ·
(
2−

√
3
)2

= 4 ·
(
4+ 3− 4

√
3
)
= 4 ·

(
7− 4

√
3
)

Then,
(
7− 4

√
3
)
=

1
4

(√
3− 1

)4
⇒ 4

√
7− 4

√
3 =

1√
2
·
(√

3− 1
)
.

Now,

4
√

7− 4
√
3

4
√

7+ 4
√
3

=

1√
2
·
(
1+

√
3
)

1√
2
·
(√

3− 1
) =

√
3+ 1√
3− 1

=

√
3+ 1√
3− 1

·
√
3+ 1√
3+ 1

=

(√
3+ 1

)2
(√

3
)2 − 1

=
1+

(√
3
)2

+ 2
√
3

2
=

4+ 2
√
3

2
= 2+

√
3.
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