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Ian: “What is the difference of the squares of two consecutive 
positive integers?” (He knew the answer, but wanted to challenge 
me. He said he had discovered a shortcut.) 

James: “I’ve made a few examples and it looks like you add the 
two numbers.” (I had not observed that before.) “How did you 
discover this?”

Ian: “When I was building some things, I needed to know some 
areas, so I just made a multiplication table for the integers from 
17 through 28.” (See Photograph 1.)

Table 1. Ian’s multiplication table

James: “What did you notice in the table that made you think 
about this? Do you recall which numbers you first observed?”
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Ian: “I looked at 20 and 21 and saw that their 
sum was the same as 441 – 400 in the table. 
Then I tried all the others along the diagonal 
and the same thing happened. The difference of 
the squares of two consecutive positive integers 
was always the sum of the two integers. Then I 
tried some big number like 46 and 47 and some 
small numbers and it was still true. I tried all the 
integers from 1 to 50 and they all worked.” 

James: “You must have had a pretty strong 
feeling that it is always true.”

Ian: “I think so.”

James: “Have you tried to prove it?” 

Ian: “Not yet.”

James: “Why don’t you try to prove it now using 
what you know from algebra?”

Ian wrote, “x is the smaller number; x + 1 is the 
larger number.” He then simplified (x + 1)2 – x2 
to 2x + 1, which is the same as x + x + 1, the sum 
of the two numbers, and he said, “It works!” 

James: “Very good. Before we continue, let’s do 
a little geometry to show 72 – 62. How can you 
represent 72?”

Ian: “I can draw a square that is 7 by 7.”

James: “Good. Please do that.”

James: “Now that you have that, outline a 6 by 6 
square. If we take away the 6 by 6 square, you see 
that we have an ‘L’ shape that is the difference of 
the squares. How many unit squares are there?” 
(See Figure 1.)

Figure 1. The geometry of 72 – 62

Ian: “13.”

James: “How can you count them?” 

Ian: “7 + 6, or 6 + 6 + 1 which is 2(6) + 1. So, 
instead of 6, if I use x it will still be true that 
the difference is 1 + x + x = 2x + 1.” (He could 
see 2x + 1.)

James: “Great. We will come back to this 
later. Now I ask you, ‘What is the difference 
of the squares of two consecutive positive even 
integers?’ Try 82 – 62 for example.”

Ian: “I get 28.”

James: “Right. What do 8 and 6 have to do with 
28? Remember what you did before.”

Ian: “I add them together and then I need to 
multiply by 2.”’

James: “What do you think the rule might be?”

Ian: “2 times the sum. Probably 2 because the 
difference between them is 2.”

James: “Prove it.”

Ian simplified (x + 2)2 – x2 to 4x + 4 or 2(2x + 2) 
proving that he was correct. He then showed it 
using the squares on graph paper and generalized 
from the picture. 

James: “You are doing good. What if we have 
two consecutive positive odd integers?”

Ian: “It will be the same as the evens because 
they are also separated by 2.”

James: “Very good! I have one more question 
before we move on to something else. What if 
the difference between the two positive integers 
is d, where d is a positive integer?”

Ian quickly wrote (x + d)2 – x2 and announced 
excitedly, “It is d(2x + d), like I suspected!” He 
checked a few examples to be satisfied that it 
worked. 

James: “Let’s draw a picture for the case d = 4, like 
72 – 32. (See Figure 2.) Can you please describe 
the “L” shape here?”
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Figure 2. The geometry of 72 – 32

Ian looked at the picture and said, “One leg has 
3 rows (in general x) with 4 (in general d) squares 
in each and so does the other one, so there are 
2(3)(4) squares (in general 2xd), plus the corner 
has 42 squares (in general d 

2).” Ian generalized 
easily because he could see the rule in the picture.

James: “We have done everything with the 
difference of the squares of two positive integers, 
so what shall we do next?” 

After thinking about squares for a while, Ian 
decided to look at the difference of the cubes of 
two consecutive numbers. He wrote 43 – 33 but 
could not see anything, so he said, “Let me just 

prove it.” He simplified (x + 1)3 – x3 to 3x2 + 3x 
+ 1. (No wonder he could not see any pattern!)

James: “How can we model this with geometry?” 

Ian: “We can use cubes.”

Using sugar cubes, we looked at 43 – 33. After he 
removed the 27 cubes that made up 33, he had 3 
yellow “walls”, each 3 by 3, 3 white “columns”, 
each 3 by 1 and 1 cube in the corner (not visible 
in the figure), so he had 3x2 (the 3 walls), 3x 
(the 3 columns), and 1 (cube in the corner). (See 
Figure 3.) The formula made sense.

We decided to call it a day knowing that if we 
wanted to, we could find the formula for the 
difference of the cubes of any 2 positive integers.

Figure 3. The geometry of 43 – 33

Note. At the time of this conversation, Ian was a student in grade 9 in Arizona. Ian’s grandmother was the officemate of James for 10 
years. The preceding is a transcript of a FaceTime® call. Perhaps the conversation will inspire teachers to delve deeper when students 
ask questions. 
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