Roots in Coefhicients
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PRITHWUIT DE We start with a simple observation. The quadratic x* + x — 2

factors as
Ftx—2=(x—1)(x+2) (1)

and we see that its roots are 1 and —2 which are same as the
coefficient of x and the constant term in x> + x — 2. This
begets the question:

Is this the only quadratic polynomial with integer
coefficients whose roots are the same as the coefficient of the
linear term and the constant term?

Let’s see how we might answer this. A general quadratic
polynomial has the form

a4+ bx+ ¢

where 4, b and ¢ are the coefficients and @ # 0. It is monic if
a = 1. (More generally, a polynomial

a, X"+ a, x4+ ayx+ ay is called monic if a, = 1))
If the roots of ax? + bx + ¢ where 2 # 0 are o and 8 then

b ¢
atf=-2 ap="S

a a
Observe that if @, 4 and ¢ are integers and we want the roots

of ax? + bx + ¢ to be integers, then 2 must divide both 4 and
¢. 'This would reduce the quadratic to

a(x2 + px+q)

which is a constant multiple of a monic quadratic
polynomial. Here the integers p and ¢ satisfy

ap = b, aq = c.
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Thus, finding integers 4, &, ¢ such that the roots of ax* + bx + ¢ are integers reduces to finding integers p
and g such that the roots of x* 4 px + g are integers. So henceforth we will limit our search to monic
quadratic polynomials. The question stated earlier may thus be restated more formally as

For which integers p and q is it true that the roots of X* + px + q are p and q?

Here the sum of the roots is p 4 ¢ and their product is pg. But then

ptq=—p P9 =9

whence (p,g) = (0,0) or (1, —2). Thus there are two such quadratic polynomials, namely, x* and
x? + x — 2, whose roots are the same as the coefficient of x and the constant term.

Here we make another observation. If we multiply x* and x* 4+ x — 2 by x” where 2 is a positive integer,
we obtain two new polynomials of degree 7 4 2 with their roots belonging to the set of coefficients. But
each of them has 0 as a root and many terms with zero coefficients. To avoid zero coefficients, let us
consider only polynomials with non-zero coefficients. This also rules out zero as a root since the roots are
required to be in the set of coeflicients.

One is tempted to ask the same question for monic cubic and higher degree polynomials. Let us deal with
the cubic case first.

We are looking for non-zero integers 4, b, ¢ such that the roots of 2+ ax* + bx + care a, b, c. This means
that the relation

©tat+bx+c=(x—a)(x—b)(x—c) ()
is an identity in x. Equating the coeflicients of like terms, we get
a=—(a+b+c), b= ab+ bc+ ca, c= —abe. 3)

Since ¢ # 0, ab = —1, and as 4, b are integers, @, & € {—1, 1} and they have opposite signs. Hence
a+ b = 0. Therefore

b=ab+cla+b)=—-14+0=—1
and @ = 1, which shows that ¢ = — (24 + ) = —1. Thus the cubic is

A —x—1=(x—1)(x+1)°
with roots (a4, b,¢) = (1, —1,—1).

What happens if the degree of the polynomial is greater than 3? Can we find such a polynomial of degree
n for every natural number 7 > 3? Let us investigate.

Let

p(x) =x" 4+ dn_lxn_l + an_zx”_z et aix + ag
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be a polynomial of degree 7 with non-zero integer coefficients, » > 3. Suppose the roots are

ay, a1, ..., dy—2,4,—1. Then, by Vieta’s theorem,
ap+ar+--F a0+ a,1 = —ap,
apay +apay + - ap—2ay—1 = ap-2, (4)
apal ...a,—24a, 1 = (—l)nélo.

Since a9 # 0 ,we have @14, ... a4, 24,1 = (—1)",and aseach g, for k€ {1,2,...,n—2,n— 1} isan

integer, it must be that 4, € {—1, 1}.
Now observe that
a+ai+-+d,
= (a0 + a1+ + ay1)? = 2(a0m + aoay + -+ ay2a,-1)
=& | —2a, (5)
< 3. (©)
Butaj = 1forke {1,2,...,n— 1} yields n < 4 — af. As n > 3 we get aj < 1 forcing 2y = 0,2
contradiction.

This shows that there does not exist such a polynomial of degree 7 for n > 3.
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