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The Pythagorean equation x2 + y2 = z2 (to be solved
over the positive integers N) is a much-studied one;
many articles have appeared in this magazine alone,

devoted to this equation. A close relative to this is the
equation 1

x +
1
y =

1
z (which can be written as

x−1 + y−1 = z−1; in this form, its similarity to the
Pythagorean equation is readily seen), and this too has been
studied many times in At Right Angles.

In this note, we study another equation which visually
resembles the Pythagorean equation and which too is
required to be solved over the positive integers:

1√
x
+

1
√y

=
1√
z
. (1)

Write
x = m2a, y = n2b, z = k2c, (2)

where m, n, k are positive integers and a, b, c are ‘square-free’
positive integers, i.e., they are not divisible by any square
number greater than 1. (So a, b, c are products of distinct
prime numbers.) Any positive integer can be uniquely
written in this form, i.e., as a product of a perfect square and
a square-free positive integer. Making these substitutions, we
get:

1
m
√
a
+

1
n
√
b
=

1
k
√
c
,

∴ km
√
ac+ kn

√
bc = mn

√
ab. (3)

Squaring both sides of (3), we get:

k2m2ac+ 2mnck2
√
ab+ k2n2bc = m2n2ab.
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Angle bisection using ruler and compass is part of the standard geometry syllabus at the
upper primary level. There is a standard procedure for doing the job, and it is so simple
that one would be hard put to think of an alternative to it that is just as simple, if not
simpler. But here is such a procedure, announced in a Twitter post [1].
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Angle bisector

FIGURE 1

It can be depicted using practically no words. In Figure 1, the angle to be bisected is
∡ABC. Draw two arcs DE and FG as shown, centred at B. Next, draw the segments DG
and FE; let them intersect at I. Draw the ray BI. This is the required angle bisector.
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From this relation, we deduce that 2mnck2
√
ab is

an integer, and therefore that
√
ab is a rational

number. But if the square root of an integer is a
rational number, then it is an integer. Hence

√
ab

is an integer. We know that in the prime
factorisations of a and b, each prime occurs just
once. If we combine this condition with the
deduction that

√
ab is an integer, we realize right

away that a = b.

Again, (3) can be written as

mn
√
ab− km

√
ac = kn

√
bc. (4)

Squaring both sides of (4), we get:

m2n2ab− 2knam2
√
bc+ k2m2ac = k2n2bc.

From this relation, we deduce (just as we did
earlier) that 2knam2

√
bc is an integer, therefore

that
√
bc is a rational number, therefore that

√
bc

is an integer, therefore that b = c. Hence
a = b = c. A striking conclusion!

This means that x = m2a, y = n2a and z = k2a for
some positive integers m, n, k, a. Equation (1)
now yields:

1
m
√
a
+

1
n
√
a
=

1
k
√
a
, ∴ 1

m
+

1
n
=

1
k
. (5)

It is remarkable that in attempting to solve the
equation 1√

x +
1√y =

1√
z over N, we have ended

up (essentially) with the equation 1
x +

1
y =

1
z , also

to be solved over N! We know very well how to
solve this equation; all we need to do now is to
invoke what we had discovered earlier.

A corollary to what we discovered above is the
following: If coprime positive integers x, y, z satisfy
the relation 1√

x +
1√y =

1√
z , then each of x, y, z is a

perfect square. This is so because the condition that

x, y, z are coprime forces a = 1, implying that
x = m2, y = n2 and z = k2. A neat result!

A specific example. Let us illustrate this by taking,
say z = 20. So we seek all solutions (x, y) in
positive integers to the equation 1√

x +
1√y =

1√
20
.

Since 20 = 22 × 5, what we showed earlier
implies that

√
x and √y are integer multiples of√

5. Let x = 5m2 and y = 5n2 where m and n are
positive integers. Then the equation reduces to
1
m + 1

n = 1√
4
, i.e., 1

m + 1
n = 1

2 . We know very well
how to solve this kind of equation! We have:

1
m

+
1
n
=

1
2
,

∴ 2(m+ n) = mn,

∴ mn− 2(m+ n) = 0,

∴ (m− 2)(n− 2) = 4.

Since 4 can be written as a product of two positive
integers in the following ways,

4 = 1× 4 = 2× 2 = 4× 1,

it follows that

(m− 2, n− 2) ∈ {(1, 4), (2, 2), (4, 1)},
and hence that

(m, n) ∈ {(3, 6), (4, 4), (6, 3)}.
Since x = 5m2 and y = 5n2, it follows that

(x, y) ∈ {(45, 180), (80, 80), (180, 45)}.
Hence the equation 1√

x +
1√y =

1√
20

has these
positive integer solutions and no more.

Much the same approach can be followed for any
given value of z.
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