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i.e., ∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 ∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. Therefore the altitude
lies between 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. ence 𝐴𝐴𝐴𝐴 lies
between 𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴.

• The angle bisector theorem tells us that
angle bisector 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 divides the base 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 in the
ratio 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 . ince 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, it
follows that 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and therefore that
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 �

�𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. ence 𝐴𝐴𝐴𝐴 lies between 𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴.
• In △𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and △𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 we have: 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, and
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is a shared ( common’) side. ince
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, it follows that ∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 ∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴.
Therefore the perpendicular to 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 at 𝐴𝐴𝐴𝐴 lies
to the right of median 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴.

Note: We are using here the ine uality form
of the A congruence theorem. We state it
with reference to two triangles and
(see Figure ).
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Figure . ne ualit form of t e
congruence t eorem

uppose that and . Then
we have the following:

if ∡ 𝐴𝐴 ∡ , then 𝐴𝐴
if 𝐴𝐴 , then ∡ 𝐴𝐴 ∡ .

ote that the secondpart is the converse of the
�irst part.

If 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, the four lines discussed above
(altitude, angle bisector, median and
perpendicular bisector of side) merge into a
single line of symmetry of the triangle, with
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Figure . e case of an isosceles triangle

𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴 coinciding (see Figure ). That is,
these three points are either all distinct or
all coincident. The corresponding lines
associated with the other two sides of the
triangle continue to be distinct unless
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴.
It is well nown that the altitudes of a triangle
are concurrent at the or o e re (generally
denoted by the letter ), the angle bisectors at
the e re ( ), the medians at the e ro d ( )
and the perpendicular bisectors of the sides at
the r e re ( ). These four triangle
centres are distinct points in a scalene triangle.
(It will be a nice e ercise for you to prove that if
any two of the points coincide, then they
all coincide.)
In any triangle the points are collinear, as
shown by eonhard Euler in 1 . The line of
collinearity is called the er e of the triangle,
and lies between and on this line, dividing

in the ratio . (The point in general does
not lie on the Euler line, unless the triangle is
isosceles.) In an e uilateral triangle the three
points merge into a single point. In an isosceles
triangle such as △𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, with 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴
(Figure ), they are distinct and lie on the line of
symmetry 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, which is also the Euler line for the
triangle.
From this point on we shall con�ine our discussion
to the case of an isosceles triangle 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 in which
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. et 𝐴𝐴𝐴𝐴 be the midpoint of 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 then 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is
a line of symmetry for the triangle. The claim that
the points all lie on 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is easy to justify,
using the well nown theorems of congruence.
We claim that the points always occur in the order

on the line. For the proof, use will be
made of the fact that in any triangle, the centroid
lies the way along each of the medians. o

the ratio 𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 e uals , regardless of the
shape of the triangle. ( ee page of the
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A ama han ran

Triangle Centres
in an Isosceles
Triangle

Every triangle has certain lines associated with it. The most
prominent among them are the perpendicular bisectors of
the sides, the bisectors of the angles, the altitudes, and the

medians. Figure 1 represents a scalene triangle 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, with
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. Also shown are the altitude 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 from 𝐴𝐴𝐴𝐴 to 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, the
bisector 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 of angle 𝐴𝐴𝐴𝐴, the median 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 where 𝐴𝐴𝐴𝐴 is the midpoint of
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, and the perpendicular bisector of 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴.
We must justify the order in which these lines appear in the
�igure: the altitude is the closest to 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 (the shorter of the sides
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴), then the angle bisector, followed by the median, and
the perpendicular bisector is closest to side 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. It is of interest to
see whether this ordering can be justi�ied using the regular
results of Euclidean geometry. Indeed it can, and here’s how:

• △𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and △𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 are right angled. Also, ∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 ∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴,
hence ∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 ∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and therefore ∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 �

�∡𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴,
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Figure 1. Four significant lines: altitude, angle bisector,
median, perpendicular bisector

Keywords: Triangle, circumcentre, incentre, orthocentre, centroid, Euler line
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The ratio for is easy:

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 ( )

Finally, for we have: ∡𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴 ∡𝐴𝐴𝐴𝐴, therefore
∡ 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴. This yields:

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 tan 𝐴𝐴𝐴𝐴 tan𝐴𝐴𝐴𝐴

hence:
𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴
tan �

�𝐴𝐴𝐴𝐴
tan𝐴𝐴𝐴𝐴 ( )

sing the double angle formula to e press
tan𝐴𝐴𝐴𝐴 in terms of tan �

�𝐴𝐴𝐴𝐴, the above e pression
for the ratio 𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 may be written more
usefully as:

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

tan� �
�𝐴𝐴𝐴𝐴 ( )

From the above relations we see that

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

and hence:

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 ( )

This directly shows that lies between and
and divides segment in the ratio .
It is an easy e ercise to verify that if ∡𝐴𝐴𝐴𝐴
then

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

e e t e o e o t e o o t
o bserve that if 𝐴𝐴𝐴𝐴 𝐴𝐴 then 𝐴𝐴𝐴𝐴 𝐴𝐴 and
so �

�𝐴𝐴𝐴𝐴 𝐴𝐴 �𝐴𝐴𝐴𝐴. It follows that if 𝐴𝐴𝐴𝐴 𝐴𝐴 then
tan �

�𝐴𝐴𝐴𝐴 𝐴𝐴 tan �𝐴𝐴𝐴𝐴 and hence from
relations ( ) and ( ) that

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

The ine uality is reversed when 𝐴𝐴𝐴𝐴 𝐴𝐴 .
ow let us compare the relative positions of and
. This involves more manipulations than the

other cases. We have:

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 tan 𝐴𝐴𝐴𝐴 tan 𝐴𝐴𝐴𝐴

tan �𝐴𝐴𝐴𝐴
tan� �𝐴𝐴𝐴𝐴

tan �𝐴𝐴𝐴𝐴
tan �𝐴𝐴𝐴𝐴

tan �𝐴𝐴𝐴𝐴
tan �𝐴𝐴𝐴𝐴 �

� where tan 𝐴𝐴𝐴𝐴 .

ince 𝐴𝐴 𝐴𝐴𝐴𝐴 𝐴𝐴 , it must be that 𝐴𝐴
tan �𝐴𝐴𝐴𝐴 𝐴𝐴 , i.e., 𝐴𝐴 𝐴𝐴 . ifferentiation
yields:

�

which is positive for 𝐴𝐴 𝐴𝐴 . ence the
e pression � steadily increases
as goes from to . Therefore the
uantity

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

tan �𝐴𝐴𝐴𝐴
tan �𝐴𝐴𝐴𝐴 �

steadily increases as 𝐴𝐴𝐴𝐴 rises from to .
imple computation shows that the above

fraction e uals when 𝐴𝐴𝐴𝐴 . (We need
the identity tan .) It follows
that

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 if ∡𝐴𝐴𝐴𝐴 𝐴𝐴

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 if ∡𝐴𝐴𝐴𝐴 𝐴𝐴

We conclude from this that always lies
between and for an isosceles triangle,
and the four points occur in that
order always, with being closer to verte 𝐴𝐴𝐴𝐴
when ∡𝐴𝐴𝐴𝐴 𝐴𝐴 , and being closer to verte 𝐴𝐴𝐴𝐴
when ∡𝐴𝐴𝐴𝐴 𝐴𝐴 .
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ovember 1 issue of t ight ngle for a
proof of this assertion.)
ore speci�ically, we claim the following:
• If ∡𝐴𝐴𝐴𝐴 𝐴𝐴 , then 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, so lies
closest to 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, followed by , and , in that
order.

• If ∡𝐴𝐴𝐴𝐴 𝐴𝐴 , the order gets reversed,
since now 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. ( f course,
when ∡𝐴𝐴𝐴𝐴 , the four points are
coincident.)

• If ∡𝐴𝐴𝐴𝐴 , then coincides with 𝐴𝐴𝐴𝐴, while
coincides with the midpoint 𝐴𝐴𝐴𝐴 of 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴.
bserve that in this con�iguration the fact

(Euler’s theorem) that the ratio
e uals reduces to the nown fact that
the centroid lies the way along a median.

• If ∡𝐴𝐴𝐴𝐴 𝐴𝐴 , then both and lie outside
the triangle.

To justify the �irst two claims, we derive
e pressions for the distances 𝐴𝐴𝐴𝐴 , 𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴 , as
fractions of the altitude 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, as ∡𝐴𝐴𝐴𝐴 varies.
With reference to Figures and , we have:

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 tan 𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 tan 𝐴𝐴𝐴𝐴 (1)

hence:
𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 tan� 𝐴𝐴𝐴𝐴 ( )
e t:

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 tan 𝐴𝐴𝐴𝐴 tan 𝐴𝐴𝐴𝐴 ( )

so:
𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 tan 𝐴𝐴𝐴𝐴 tan 𝐴𝐴𝐴𝐴 ( )
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When A < 60
◦

When A > 60
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Figure . sosceles triangles it different ape angles
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When A = 90
◦

When A > 90
◦

Figure . sosceles triangles it different ape angles
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In the November 2014 issue of At Right Angles, we began 
a new series which was a compilation of ‘Low Floor High 
Ceiling’ activities. A brief recap: such an activity comprises 

a sequence of tasks which are fairly easy to begin with and 
can be attempted by all the students in the class. However, 
t e tas s o essi el  eco e o e di fic lt  e o ecti e 
is to challenge the problem-solving skills of students and in 
attempting them, each student is pushed to his or her maximum 

otential  e e is eno  o  o  all t as t e le el ets 
i e  e e  st dents a e a le to co lete t e tas s  e oint  

however, is that all students are engaged and all of them are 
a le to acco lis  at least a a t o  t e ole tas   n t e fi st 
part of the series (in the November 2014 issue), we looked 
at pentominoes and in the March 2015 issue at the Fibonacci 
se ies and t e e la  enta on  is ti e e t n to an old 
favourite: tangrams!

Getting  
into Shape

Low Floor High Ceiling Tasks

Tangram Time

n a i   a i ir ar
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The various possibilities which may e ist for the
order of the points on the Euler line in

the case of an isosceles triangle 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 with
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 are summarised in Figure .
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