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extreme situations. In our context we identify the following extreme con�igurations when the �uadrilateral
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 becomes ‘degenerate’ in some way:
(1) Quadrilateral 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 collapses into a triangle because two of its vertices coincide.
(2) Quadrilateral 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 collapses into a triangle because three of its vertices are collinear.

There are other possibilities, but we will mention them later.
Cases (1) and (2) can be considered as part of a continuum. We imagine that vertex 𝐴𝐴𝐴𝐴 lies somewhere
along segment 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. If 𝐴𝐴𝐴𝐴 coincides with either 𝐴𝐴𝐴𝐴 or 𝐴𝐴𝐴𝐴, we have case (1), and if 𝐴𝐴𝐴𝐴 lies in the interior of
segment 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, we have case (2).
The �irst possibility, of 𝐴𝐴𝐴𝐴 coinciding with 𝐴𝐴𝐴𝐴, does not yield anything of interest, as line 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is unde�ined and
hence point 𝑃𝑃𝑃𝑃 is unde�ined as well. So we discard this.
If 𝐴𝐴𝐴𝐴 coincides with 𝐴𝐴𝐴𝐴, we get a result which is well known; see Figure 2. For now, point 𝑃𝑃𝑃𝑃 too coincides
with 𝐴𝐴𝐴𝐴, which means that𝑀𝑀𝑀𝑀 is the midpoint of side 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝑁𝑁𝑁𝑁 is the midpoint of side 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. The statement
that [𝑃𝑃𝑃𝑃𝑀𝑀𝑀𝑀𝑁𝑁𝑁𝑁𝑃𝑃 𝑃𝑃 �

� [𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑃𝑃 now simply reads: [𝐴𝐴𝐴𝐴𝑀𝑀𝑀𝑀𝑁𝑁𝑁𝑁𝑃𝑃 𝑃𝑃 �
� [𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑃𝑃. This is easily seen to be true via the

midpoint theorem.
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Figure 2.

In this �igure, both 𝐴𝐴𝐴𝐴 and 𝑃𝑃𝑃𝑃 coincide with 𝐴𝐴𝐴𝐴. So𝑀𝑀𝑀𝑀
is the midpoint of 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, and 𝑁𝑁𝑁𝑁 is the midpoint of
𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. It is easy to see that [𝐴𝐴𝐴𝐴𝑀𝑀𝑀𝑀𝑁𝑁𝑁𝑁𝑃𝑃 𝑃𝑃 �

� [𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑃𝑃.

It is always reassuring to �ind that a result being explored yields something well known as a special case.
It means that the result under study cannot be completely wrong!
Of greater interest is the case when 𝐴𝐴𝐴𝐴 lies in the interior of segment 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 (Figure 3). Once again, 𝑃𝑃𝑃𝑃 coincides
with 𝐴𝐴𝐴𝐴. Constructing points𝑀𝑀𝑀𝑀 and 𝑁𝑁𝑁𝑁 as earlier (𝑀𝑀𝑀𝑀 is the midpoint of 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝑁𝑁𝑁𝑁 is the midpoint of 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴), the
claim is: [𝐴𝐴𝐴𝐴𝑀𝑀𝑀𝑀𝑁𝑁𝑁𝑁𝑃𝑃 𝑃𝑃 �

� [𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑃𝑃.
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In this �igure, 𝐴𝐴𝐴𝐴 is any point on 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴; 𝑁𝑁𝑁𝑁 is the
midpoint of 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴;𝑀𝑀𝑀𝑀 is the midpoint of 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. The
claim is now: [𝐴𝐴𝐴𝐴𝑀𝑀𝑀𝑀𝑁𝑁𝑁𝑁𝑃𝑃 𝑃𝑃 �

� [𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑃𝑃.
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Quadrilateral
and Triangle:
A Further Look

The following proposition was proved in the preceding
pages: Let 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 be a convex quadrilateral in which 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 is
not parallel to 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴. Let 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 and 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 meet, when extended, at

𝑃𝑃𝑃𝑃. Let𝑀𝑀𝑀𝑀, 𝑁𝑁𝑁𝑁 be the midpoints of diagonals 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴, respectively.
Then [𝑃𝑃𝑃𝑃𝑀𝑀𝑀𝑀𝑁𝑁𝑁𝑁𝑃𝑃 𝑃𝑃 �

�[𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝑃𝑃. (Here square brackets denote area. See
Figure 1.)

A

B C

D

M

N
P

Figure 1.

It is of interest to look at this proposition through the lens
given to us by George Pólya: that of tweaking a problem and
seeing what we get. A very useful tweak is that of looking at
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Completing the Square...

A powerful technique,
not a feared enemy!

1. Introduction
The technique of completing the square is often introduced to
high school students in the context of deriving the quadratic
formula. �any students �ind the technique rather irritating,
tedious and hard to remember and use appropriately. On the
other hand, as a teacher I have grown to admire this technique for
the range of problems it helps us solve and understand! I would
like to share my perspective in the hope that it may save the idea
of completing the square from being a dry technique to being a
powerful tool with a rich history that solves many problems.
Completing the square helps us understand entirely the shapes
of quadratic equations, locate the vertex of a parabola, derive the
quadratic formula, �ind the range of a second�degree equation,
�ind the inverse of a quadratic (with appropriate domain) and
locate the centre and radius of a circle. What more can one ask
for from a humble technique? Plenty more it seems! In the article
“A Tale of Two Formulas” (At Right Angles, Vol. 2, No. 3,
November 2013) many other applications are discussed.
This article repeats some of the ideas covered in our November
2013 issue, but since completing the square is such a rich idea,
we have decided to explore it in greater detail in this issue.

Shashidhar Jagadeeshan
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The claim is easy to prove:
[𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝐶𝐶 [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝐶𝐶 [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶

𝐶𝐶 1
2 [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝐶𝐶

1
2 [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶

𝐶𝐶 1
2 [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝐶𝐶 1

4 [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶

Remark. There are two other ways in which the con�iguration under study can become special or
degenerate:
(3) Quadrilateral 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 becomes a trapezium in which the sides 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 and 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 are parallel to each other (so

they do not meet when extended).
(4) Quadrilateral 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 becomes a parallelogram.

But these cases are clearly rather troublesome. In case (3), the extended sides 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 and 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 fail to meet each
other at all, so the point 𝑃𝑃𝑃𝑃 does not exist. Or one may say that “𝑃𝑃𝑃𝑃 lies at an in�inite distance along line 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶
(or line 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶)”. In case (4), the points𝐶𝐶𝐶𝐶,𝐶𝐶𝐶𝐶 coincide; at the same time 𝑃𝑃𝑃𝑃 lies at an in�inite distance along line
𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶. (So (4) is in a way even “worse” than (3).)

A vector proof of the main proposition
We conclude with a vector proof of the proposition quoted at the start. Let position vectors of the various
points in the diagram be with reference to 𝑃𝑃𝑃𝑃 as the origin, and let the position vectors be denoted by
lower case letters in boldface (Figure 4). Then:

2[𝑃𝑃𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝐶𝐶 𝑃𝑃𝑃𝑃𝑃𝑃 𝑃𝑃𝑃𝑃

𝐶𝐶 1
2(𝐚𝐚𝐚𝐚 𝐚𝐚 𝐚𝐚𝐚𝐚𝐚𝐚 𝑃𝑃 1

2(𝐛𝐛𝐛𝐛 𝐚𝐚 𝐛𝐛𝐛𝐛𝐚𝐚𝐛𝐛

∴ 8[𝑃𝑃𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝐶𝐶 (𝐚𝐚𝐚𝐚 𝐚𝐚 𝐚𝐚𝐚𝐚𝐚𝐚 𝑃𝑃 (𝐛𝐛𝐛𝐛 𝐚𝐚 𝐛𝐛𝐛𝐛𝐚𝐚
𝐶𝐶 𝐚𝐚𝐚𝐚 𝑃𝑃 𝐛𝐛𝐛𝐛 𝐚𝐚 𝐚𝐚𝐚𝐚 𝑃𝑃 𝐛𝐛𝐛𝐛 𝐚𝐚 𝐚𝐚𝐚𝐚 𝑃𝑃 𝐛𝐛𝐛𝐛 𝐚𝐚 𝐚𝐚𝐚𝐚 𝑃𝑃 𝐛𝐛𝐛𝐛
𝐶𝐶 𝐚𝐚𝐚𝐚 𝑃𝑃 𝐛𝐛𝐛𝐛 𝐚𝐚 𝐚𝐚𝐚𝐚 𝑃𝑃 𝐛𝐛𝐛𝐛𝐛𝐛 since {𝐶𝐶𝐶𝐶𝐛𝐛 𝐶𝐶𝐶𝐶𝐛𝐛 𝑃𝑃𝑃𝑃𝐴𝐴 and {𝐶𝐶𝐶𝐶𝐛𝐛 𝐶𝐶𝐶𝐶𝐛𝐛 𝑃𝑃𝑃𝑃𝐴𝐴 are collinear𝐶𝐶

∴ 4[𝑃𝑃𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝐶𝐶 1
2(𝐚𝐚𝐚𝐚 𝑃𝑃 𝐛𝐛𝐛𝐛𝐚𝐚 𝐶𝐶 1

2(𝐛𝐛𝐛𝐛 𝑃𝑃 𝐚𝐚𝐚𝐚𝐚𝐚

𝐶𝐶 [𝑃𝑃𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝐶𝐶 [𝑃𝑃𝑃𝑃𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶
𝐶𝐶 [𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶

The smooth elegance of this proof is a testimony to the power of the vector approach.
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