
Azim Premji University At Right Angles, July 2018134

Pr
o

b
le

m
 C

o
rn

er

In this article, we study the following problem. Three
circles of equal radius r are centred at the vertices of an
equilateral triangle ABC with side 2a. Here we assume that

r > a. Find the area of the three-sided region DEF enclosed by
all three circles, in terms of r and a. (See Figure 1.)
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Figure 1.

Solution.We carry out the analysis as shown below.

1

Keywords: Circles, intersection, area

The Three Circles 
Problem

A SIMPLER WAY TO BISECT AN ANGLE

C
⊗

M αC

Keywords: etc

Angle bisection using ruler and compass is part of the standard geometry syllabus at the
upper primary level. There is a standard procedure for doing the job, and it is so simple
that one would be hard put to think of an alternative to it that is just as simple, if not
simpler. But here is such a procedure, announced in a Twitter post [1].
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Angle bisector

FIGURE 1

It can be depicted using practically no words. In Figure 1, the angle to be bisected is
∡ABC. Draw two arcs DE and FG as shown, centred at B. Next, draw the segments DG
and FE; let them intersect at I. Draw the ray BI. This is the required angle bisector.
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ω1, radius r ω2, radius r

ω3, radius r

• A = (−a, 0)
• B = (a, 0)
• C =

(
0,−a

√
3
)

Figure 2.

(1) Mark points D, E, F,G as shown. Using Pythagoras’s theorem, we obtain FG = 2
√
r2 − a2. Let 2d be

the length of DE. We must first find d in terms of r and a.

(2) Assign coordinates as shown:

A = (−a, 0), B = (a, 0), C =
(
0,−a

√
3
)
.

The equations of the three circles then are:

ω1 : (x+ a)2 + y2 = r2,

ω2 : (x− a)2 + y2 = r2,

ω3 : x2 +
(
y+ a

√
3
)2

= r2.

(3) The coordinates of points D, E, F,G can now be worked out by solving pairs of simultaneous
equations. Here is what we get:

D =

(
a−

√
3 (r2 − a2)
2

,
−a

√
3+

√
r2 − a2

2

)
,

E =

(
−a+

√
3 (r2 − a2)
2

,
−a

√
3+

√
r2 − a2

2

)
,

F =
(
0, −

√
r2 − a2

)
,

G =
(
0,

√
r2 − a2

)
.
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(4) The length of DE can now be worked out from the coordinates of D and E:

DE =
√

3 (r2 − a2)− a.

(5) The area of triangle DEF can now be worked out using the above expression:

Area of△DEF =

√
3
4

(√
3 (r2 − a2)− a

)2

=
3r2

√
3− 2a2

√
3− 6a

√
r2 − a2

4
.

(6) Next, we find θ = �DCE, using the length of DE:

sin θ =
DE/2
r

=

√
3 (r2 − a2)− a

2r
.

(7) This allows us to find the area of the minor segment bounded by segment DE and circle ω3:

Area of segment Dω3E =
r2(θ − sin θ)

2
.

(8) Finally, the area of the region DEF is given by:

Area of region DEF = Area of△DEF+ 3 · Area of segment Dω3E.

This simplifies, after a lot of work, to:

− 3
2
a
√
r2 − a2 +

3
4
a

√
2a

(√
3 (r2 − a2) + a

)
+ r2

− 3
4
√
3

√
(r2 − a2)

(
2a

(√
3 (r2 − a2) + a

)
+ r2

)

+ 3r2 sin−1

(√
3 (r2 − a2)− a

2r

)
− 1

2
√
3a2 +

3
√
3r2

4

This is the required area.

(9) For r = 10, a = 6, we get:

Area of region DEF = 36
(√

3− 4
)
+ 300 sin−1

(
1
10

(
4
√
3− 3

))

≈ 39.4628 square units.
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