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BODHIDEEP JOARDAR A primitive Pythagorean triple, or PPT for short, is
a triple (a, b, c) of coprime positive integers satisfying
the relation a2 + b2 = c2. Some well-known PPTs

are: (3, 4, 5), (5, 12, 13) and (8, 15, 17). See Box 1 for
some basic facts about PPTs.

A note on PPTs

There have been several articles in past issues of At Right
Angles exploring PPTs and ways of generating them.
Here are some features about PPTs which you need in
this article (we invite you to provide proofs): If (a, b, c) is
a PPT, then:

(i) c is odd;

(ii) one out of a, b is odd and the other one is even;

(iii) the even number in {a, b} is a multiple of 4.

We agree to list the numbers in the PPT so that a is the
odd number and b is the even number.

The following property is worth noting: b is a multiple of 4.
To see why, write b2 = c2−a2. Note that a and c are odd,
and recall that any odd square is of the form 1 (mod 8).
This implies that b2 is a multiple of 8 and hence that b is a
multiple of 4. (If b were even but not a multiple of 4, then
b2 would be a multiple of 4 but not a multiple of 8.)

This article focuses on one particular family of PPTs,
those having b = c− 1. For this family we have:

a2 + (c− 1)2 = c2, ∴ a2 = 2c− 1,

so:

c =
a2 + 1

2
, b =

a2 − 1
2

.
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Example 4. We check whether 441 is divisible by 
21.
Step 0: Initialisation: d = 21; k = 2; N = 441 (the 
given number), b = 1 (units digit), a = 44 (‘rest of 
the number’).

Step 1: Compute c = bk = 1 × 2 = 2.

Step 2: Compute a − c = 44 − 2 = 42. Now  
N = 42, b = 2, a = 4.

Step 3: Is 42 divisible by 21? Yes. Hence 441 is 
divisible by 21.

Rationale. The rationale is the same as earlier. 
When we multiply the units digit 1 by 2 and 
subtract from 44, we are actually doing 440 − 20 = 
441 − 1 − 20 = 441 − 21.

So we have subtracted 21 from the number. Since 
441 − 21 = 420, and 420 is a multiple of 21, the 
original number 441 is a multiple of 21.

If the units digit of a number happens to be 3, 
and if we multiply by 2 and subtract from the 
rest of the number, the actual process happening 
is 3 × 2 = 6. When the units digit 3 is ignored, 
we are subtracting 3 from the original number. 
When 6 is subtracted from the rest of the number, 
because of decimal place value system, we are 
actually subtracting 60. Since 3 is ignored, we are 
subtracting 3 as well, resulting in a total subtraction 
of 63. Since 63 is a multiple of 21, if the final 

number is a multiple of 21, the original number 
itself must be a multiple of 21. Likewise for any 
other units digit.

Remark. To find the osculator for 7, we can use 
the osculator of 49, as seen above. But we can 
also use the osculator of 21, since 21 is a multiple 
of 7. Thus there will be two osculators for every 
prime number depending on whether we use 
multiplication and addition or multiplication and 
subtraction. Given below is a table of some divisors 
and their two osculators.

A study of the table reveals that the sum of the 
two osculators of a divisor is the divisor itself. For 
example, the osculators for 13 are 4 and 9, and  
4 + 9 = 13. One has the liberty to choose 
whichever seems more convenient. For example, 
in the case of 17, if we choose the osculator 12, the 
calculation is cumbersome. Instead, the osculator 5 
makes it easier.

With this approach in Vedic Mathematics, tests of 
divisibility by any number can be devised.
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Divisor 7 13 17 23 27 37

Multiple ending with 9 49 39 119 69 189 259

Corresponding osculator 5 4 12 7 19 26

Multiple ending with 1 21 91 51 161 81 111

Corresponding osculator 2 9 5 16 8 11
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Often concepts as simple as triangles and circles can give 
rise to very interesting problems. One such problem was 
given to us by our Math Teacher in class when we were 

learning about incircles and incentres. When given the problem, 
it did not occur to me that the problem had to be solved using 
incentres. Instead, I thought of the problem in a completely 
different method and was able to solve it.

Problem. Given an arbitrary triangle ABC, the problem is to draw 
three circles with their centres at the three vertices of the triangle, 
in such a way that each circle touches the other two circles (i.e., is 
tangent to the other two circles), as in Figure 1.
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This note describes a feature of PPTs (a, b, c) in
which b = c− 1. Here are some PPTs with this
feature:

(3, 4, 5), (5, 12, 13),

(7, 24, 25), (9, 40, 41),

(11, 60, 61), (13, 84, 85),

(15, 112, 113), (21, 220, 221),

(33, 544, 545), (35, 612, 613),

(39, 760, 761), . . . .

Here is the property I discovered:

If (a, b, c) is a PPT with b = c− 1, then ab + ba

is divisible by c.

For example:

• For the PPT (3, 4, 5):
34 + 43 = 145 = 5 × 29;

• For the PPT (5, 12, 13):
512 + 125 = 244389457 = 13 × 18799189.

But in the other PPTs such as (15, 8, 17),
(21, 20, 29), (33, 56, 65), (35, 12, 37),

(39, 80, 89), etc., where b ̸= c− 1, this property
is not to be seen. Why should the property belong
to just this type of PPT?

I will prove the following: if (a, b, c) is a PPT with
b = c− 1, then ab + ba is divisible by c.

Proof. Since b = c− 1 we have (see Box 1):

c =
a2 + 1

2
, b =

a2 − 1
2

.

From b = c− 1 we get b ≡ −1 (mod c),
therefore

ba ≡ (−1)a (mod c) ≡ −1 (mod c),

since a is odd. Next, from a2 = 2c− 1 we get
a2 ≡ −1 (mod c). Raising both sides to power
b/2 (remember that b is an even number), we get

ab ≡ (−1)b/2 (mod c) ≡ 1 (mod c),

since, as per Box 1, b is a multiple of 4 (which
implies that b/2 is an even number). Hence

ab + ba ≡ 1 − 1 ≡ 0 (mod c).

In other words, ab + ba is divisible by c. �
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