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There is serious disagreement between the predictions of Non-Relativistic Quantum Chromodynamics 
(NRQCD) and the data on J/ψ polarisation which has persisted for almost a quarter of a century. We 
find that if we account for the effect of perturbative soft gluons on the intermediate charm-anticharm 
octet states in NRQCD then the polarisation problem can be resolved. In addition, this model, when used 
to fit the Run 1 data on J/ψ and ψ ′ production from the CDF experiment at Tevatron, gives good fits and 
yields values of (energy-independent) non-perturbative parameters. These, in turn, can be used to make 
parameter-free predictions for J/ψ and ψ ′ data from the CMS experiment at the Large Hadron Collider 
and the predictions are in excellent agreement with the CMS data.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
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When Non-Relativistic Quantum Chromodynamics (NRQCD) [1]
was first developed as an effective theory over twenty-five years 
ago, there was much hope that it would shed light on understand-
ing quarkonium production in much the same manner that it had 
been already used to clarify the situation with respect to the de-
cay of P -wave quarkonia. It was, indeed, the most opportune time 
to explore the consequences of this effective theory because the 
data from Tevatron [2] on J/ψ production had become available 
and showed huge disagreement with the theoretical model that 
preceded NRQCD – the Colour-Singlet Model (CSM) [3,4]. The suc-
cess of NRQCD in bridging this massive gap between theoretical 
predictions and experimental data went a long way in furthering 
the belief of it being the correct theory of quarkonium produc-
tion. But one could also discern a certain tendency among the 
community of NRQCD theorists of regarding it as being something 
of a gospel truth – the platitudinous use of the word rigorous in 
NRQCD papers being a marker of this tendency – but somewhere 
in its claims to rigour lay the seeds of its nemesis.

That was to come from the prediction of the polarisation of 
the produced J/ψ – from the observation that a large fraction 
of them produced at large transverse momentum, pT , were from 
a fragmentation-like process – with a single large-pT gluon frag-
menting into an octet state (a 3 S8

1 state, to be precise). The appear-
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ance of the colour-octet component in the gluon fragmentation 
function and its importance in understanding the data from the 
CDF experiment at the Tevatron was already explored [5] before 
the full understanding of the production mechanism in NRQCD was 
available. But, with the more complete understanding came the 
realisation that, in this fragmentation-like process, the 3 S8

1 Q Q̄
state inherits the entire transverse polarisation of the (almost-real) 
gluon that fragments into it and, subsequently, when the Q Q̄ state 
evolves non-perturbatively into a J/ψ , in the manner specified by 
NRQCD, the heavy-quark symmetry of NRQCD ensures that almost 
all of this polarisation is bequeathed to the J/ψ which, therefore, 
emerges transversely polarised at large-pT [6]. This is true upto 
order v2, where v is the relative velocity between the Q and the 
Q̄ inside the bound state. This argument fails to hold at low or 
moderate pT where one expects the J/ψ to be unpolarised and 
so the pT dependence of the polarisation, calculated in full detail 
in Ref. [7], is a crucial test of the theory. The theory failed the test 
miserably when data from the CDF experiment [8] showed that the 
polarisation of the J/ψ was consistent with zero over all pT .

It is useful to recall the basic ideas of NRQCD in somewhat 
more detail. NRQCD is derived from the QCD Lagrangian by ne-
glecting all states of momenta much larger than the heavy quark 
mass, M Q and to account for this exclusion by adding new interac-
tion terms yielding the effective Lagrangian. The quarkonium state 
admits of a Fock-state expansion in orders of v . At leading order, 
the Q Q state is in a colour-singlet state but at O(v), it can be in a 
colour-octet state and connected to the physical J/ψ state through 
a non-perturbative gluon emission.
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The Fock space expansion of the physical J/ψ , which is a 3 S1

( J P C = 1−−) state, is:

| J/ψ〉 = O(1)

∣∣∣Q Q [3 S[1]
1 ]

〉
+O(v2)

∣∣∣Q Q [3 P [8]
J ] g

〉
+

O(v4)

∣∣∣Q Q [1 S[8]
0 ] g

〉
+O(v4)

∣∣∣Q Q [3 S[8]
1 ] gg

〉
+ · · · (1)

In the above expansion the colour-singlet 3 S1 state contributes 
at O(1). The 3 P J contribution includes the three P states ( J =
0, 1, 2). As the P -state production is itself down by factor of 
O(v2) both the colour-octet P and S channels effectively con-
tribute at the same order. The colour-octet state 3 P [8]

J (1 S[8]
0 ) be-

comes a physical J/ψ by emitting a gluon in an E1 (M1) transition, 
while there is also a contribution at the same order from a 3 S[8]

1
state doing a double E1 transition to a J/ψ state.

The cross section for production of a quarkonium state H can 
be factorised as:

σ(H) =
∑

n={α,S,L, J }

Fn

M Q
dn−4

〈OH
n (2S+1L J )〉, (2)

where Fn ’s are the short-distance coefficients and On are operators 
of naive dimension dn , describing the long-distance effects. These 
non-perturbative matrix elements are guaranteed to be energy-
independent due to the NRQCD factorization formula, so that they 
may be extracted at a given energy and used to predict quarko-
nium cross-sections at other energies.

Writing this down explicitly in terms of the various octets and
singlet intermediate states gives:

σ J/ψ = F̂3 S[1]
1

× 〈O(3 S[1]
1 )〉 + F̂3 S[8]

1
× 〈O(3 S[8]

1 )〉 +

F̂1 S[8]
0

× 〈O(1 S[8]
0 )〉 + 1

M2

[
F̂3 P [8]

J
× 〈O(3 P [8]

J )〉
]
. (3)

In Refs. [9,10] the complete set of short-distance coefficients in 
NRQCD needed to study J/ψ and χ production was calculated and 
compared with the data from Tevatron.1 These NRQCD calculations 
gave a good description of the shapes of the pT distributions of 
the charmonium resonances at the Tevatron but the normalization 
of these distributions was not predicted in NRQCD i.e. the non-
perturbative matrix elements which determined the normalization 
had to be obtained by a fit to the data. Independent tests of the 
effective theory approach were, therefore, necessary to determine 
the validity of the approach and, indeed, other than the polarisa-
tion of the J/ψ various proposals were made [13] to test NRQCD. 
But of all these, polarisation was the litmus test of the theory and 
the serious disagreement of NRQCD predictions with data on J/ψ
polarisation calls for a critical evaluation of the theory.

It could be that the reason that the polarisation predictions 
are going awry is that the charm quark is too light to be treated 
in NRQCD. However, if that is the reason one cannot understand 
why the cross-sections for the charmonium resonances work out 
right in NRQCD. The other line of attack has been to first note 
that the colour-singlet model predicts zero polarisation and to 
then attempt to jack up the colour-singlet contribution by invoking 
higher-order effects in the singlet channel [14,15].2 From the point 
of view of the effective theory, it makes little sense to leave out 
one set of operators (colour-octet) and work with only the other 
set (colour-singlet) without any argument for the smallness of the 
octet operators and their effects in charmonium production. The 
next-to-leading order corrections for the NRQCD matrix elements 

1 See also Ref. [11]. For a detailed review of quarkonium production see Ref. [12].
2 For reviews of the status of these calculations and their experimental conse-

quences, see Refs. [16,17].
2

have been computed [18] but then that does little to suggest a way 
out of the polarisation problem.

In the colour-singlet model, the cc̄ pair is produced in the 
colour-singlet state with the appropriate angular momentum and 
spin assignments and this forms the physical quarkonium state 
through a non-perturbative transition. The description of the 
bound-state in NRQCD and, indeed, the computational procedure 
to obtain the short-distance coefficients Fn is the same as in the 
colour-singlet model: the cc̄ pair could be in a colour-singlet or 
octet state and, if it is in an octet state it emits one or more non-
perturbative gluons to make a transition to the physical quarko-
nium state. The fact that a fixed number (one or two, in practice) 
of gluons mediate this transition it is possible to figure out what 
the quantum numbers of the octet cc̄ would be given the quantum 
numbers of the quarkonium state. In our proposed modification 
of the picture, this is the point that we wish to deviate from the 
usual narrative. The colour-octet cc̄ state can radiate several soft 
perturbative gluons – each emission taking away little energy but 
carrying away units of angular momentum. In the multiple emis-
sions that the colour-octet state can make before it makes the final 
NRQCD transition to a quarkonium state, the angular momentum 
and spin assignments of the cc̄ state changes constantly. Pertur-
bative soft gluon emission from colour-octet states to address the 
polarisation problem has also been used in Ref. [19] but it differs 
considerably from the approach we present here. We also present 
a modified cross-section formula with which we are able to fit the 
Tevatron cross-sections and present excellent predictions for the 
LHC cross-sections measurements.

Let us consider J/ψ production, to be specific. When an octet 
state transforms into a J/ψ that process happens in NRQCD via 
a non-perturbative gluon and is subject to the counting rules and 
symmetries of NRQCD. The gluons that we are invoking are per-
turbative soft gluons that affect the intermediate perturbative state 
between the short-distance process and the final NRQCD transition. 
If one uses the NRQCD rules to pin down what octet states can 
transform into a J/ψ and also neglect the short-distance produc-
tion of higher angular momentum states then the only octet states 
at the short-distance level that we need to consider are 3 S[8]

1 , 
3 P [8]

0,1,2, 1 S[8]
0 and 1 P [8]

1 . If we label these states as Si , i = 1, ..., 6
then the soft gluon emission process can be thought of as a 
stochastic process that mediates transitions between these several 
states Si .

The resummation of leading logarithms resulting from the soft-
gluon emission will give rise to the familiar Sudakov form factor 
but the angular momentum of the radiating object is left un-
changed at this level. However, higher-order power-suppressed 
terms change this picture – the amplitude when expanded in pow-
ers of the threshold parameter yields the angular-momentum op-
erator and such terms can change the polarisation of the radiating 
coloured particle [20–22].

In particular, if at large-pT we were to produce a 3 S[8]
1 ≡ S1

state in a short-distance fragmentation-like process, this state will 
now emit several soft gluons which will obliterate the transverse 
polarisation that the state was produced with because the inter-
mediate states Si produced in the process of soft-gluon emission 
will randomly oscillate between transverse and longitudinal polar-
isation, yielding a net polarisation which is zero. The perturbative 
soft gluons, thus, can give the right prediction for the polarisation 
of the J/ψ . We do not attempt to calculate the dynamics of the 
soft-gluon emission explicitly – but, indeed, in the approach we 
follow we do not need to. It is sufficient to know that with each 
emission the angular momentum of the coloured state can change. 
What we compute explicitly are the cross-sections and for that we 
do not need a detailed understanding of the soft dynamics, as we 
show below.
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The price that has to be paid for bring in the perturbative soft 
gluons, however, is that we seem to lose the ability to pin down 
the quantum numbers of the intermediate cc̄ state. In the usual 
picture, this was well under control: the state produced in the 
perturbative process was the one that transitioned into the J/ψ
finally. With the soft gluons brought in, this is no longer true. But 
we will see that, in spite of this apparent problem, we have enough 
information to be able to compute the cross-sections. Because of 
the stochastic mixing between the states Si , the cross-section for-
mula in Eqn. (3) no longer holds. If we assume our process is 
Markovian and the states Si freely mix with all the transition 
probabilities being equal then we can write down a cross-section 
formula as follows:

σ J/ψ =
[

F̂3 S[1]
1

× 〈O(3 S[1]
1 )〉

]

+
[

F̂3 S[8]
1

+ F̂1 P [8]
1

+ F̂1 S[8]
0

+ ( F̂3 P [8]
J

)

]
× (

〈O(3 S[1]
1 )〉

8
)

+
[

F̂3 S[8]
1

+ F̂1 P [8]
1

+ F̂1 S[8]
0

+ ( F̂3 P [8]
J

)

]
× 〈O〉, (4)

where

〈O〉 = ×
[
〈O(3 S[8]

1 )〉 + 〈O(1 S[8]
0 )〉 + 〈O(3 P [8]

J )〉
M2

]
(5)

In contrast to the usual case, where we needed to fix three non-
perturbative parameters to get the J/ψ cross-section, in our case 
it is the sum of these parameters: so we have a single parameter 
to fit.

To test the model that we have proposed, we start by using 
this cross-section formula to make a fit to the data on J/ψ and 
ψ ′ production from the CDF experiment at Tevatron [2]. The pT

distribution is given by the standard formula:

dσ

dpT

(pp̄ → cc [2S+1L[1,8]
J ] X) =

∑∫
dy

∫
dx1 x1 Ga/p(x1) x2 Gb/p(x2)

4pT

2x1 − xT e y

dσ̂

dt̂
(ab → cc[2S+1L[1,8]

J ] d), (6)

where the summation is over the partons (a and b), the final 
state Q Q is in the 1 S[1]

0 , 1 P [8]
1 , 3 S[8]

1 states and Ga/p , Gb/p are 
the distributions of partons a and b in the protons and x1, x2
are the respective momentum they carry. In the above formula, 
xT =

√
x2

T + 4τ ≡ 2MT /
√

s with xT = 2pT /
√

s and τ = M2/s. 
√

s

is the centre-of-mass energy, M is the mass of the resonance and 
y is the rapidity at which the resonance is produced. The matrix 
elements for the subprocesses corresponding to F1[1 S0], F8[3 P J ]
and F8[3 S1] are listed in Refs. [10,23]. The remaining coefficient 
F8[1 P1] has been calculated in [24].

We assume, and it is reasonable to do so, that the pT distri-
butions of the final J/ψ is not significantly different compared to 
that of the octet state produced at the short-distance level. The 
multiple gluon emission would at best change the normalisation 
of the cross-section somewhat. We are fitting the normalisation, 
in any case, by comparing our theoretical predictions to the data 
from Tevatron and so the effect of the soft-gluons is accounted for 
in the fit. The fits to the 1.8 TeV Tevatron data on J/ψ and ψ ′
production are shown in Fig. 1. Good fits to both sets of data are 
obtained.

The true test of our model is to see what predictions are ob-
tained for J/ψ and ψ ′ production at the Large Hadron collider 
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. 1. Theoretical prediction of differential cross sections fitted to the data on J/ψ
d ψ ′ production from the CDF experiment at Tevatron.

. 2. Predicted differential distributions for J/ψ and ψ ′ production at the LHC 
ning at 13 TeV compared with data from the CMS experiment.

ns of 13 TeV. We use the fitted non-perturbative parameters (one 
ch for J/ψ and ψ ′) to predict the distributions (in pT and in 
ns of y) and compare them with data from the CMS experiment 
5]. As can be seen from, Fig. 2, the predictions compare very well 
th the CMS data.
In conclusion, provoked by the long-standing disagreement of 

e predictions of Non-Relativistic QCD (NRQCD) with the data 
 J/ψ polarisation, we have critically examined the theory and 

und it justified to study the effect, neglected hitherto, of soft-
on with the colour-octet cc̄ pair that eventually forms a char-

onium state like J/ψ . In complete contrast to the usual picture, 
r model predicts that the produced J/ψ is unpolarised which is 
 agreement with the polarisation data from Tevatron. We have 
en fitted our model predictions to Tevatron data on J/ψ and ψ ′
oduction and used the fitted parameters to predict the distribu-
ns at the LHC energy, and find excellent agreement with data 
m the CMS experiment.
The results are very encouraging and more studies of this 

odel to understand the production of other charmonium reso-
nces and in other experimental situations are being planned.
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